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ABSTRACT

We investigate electrokinetic transport of nanoparti-
cles and biomolecules in nano-scale channels exhibiting
novel features in comparison to microscale channels. Re-
cent experimental work provides information about how
the mobility and diffusivity depend sensitively and non-
monotonically on pH, ionic valence, and channel size.
We discuss a TIRFM platform in which single quantum
dot nanoparticles are used to probe in three dimensions
single-particle transport through nanochannels. We also
discuss studies at the ensemble level of both nanopar-
ticles and biomolecules (e.g. oligoucleotides). We fo-
cus particularly on theoretical investigations toward ex-
plaining these experimental findings. We study as ionic
concentration and valence are varied the role of particle
proximity to the channel walls, the role of the electric
double layer structure around the wall and particles with
possible overlap, and the role of solvent hydrodynamic
coupling.
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1 Experimental Results

Our group is using primarily two experimental ap-
proaches to investigate electrokinetic transport within
nano-channels. The first is Total Internal Reflection
Fluorescence (TIRF) to probe at the single-particle level
the electrokinetic transport of quantum dot nanoparti-
cles confined within the nanochannel [4]. The TIRF
yields measurements of three dimensional single-particle
time-averaged distributions across the channel height,
transverse displacement, and axial position. Since trans-
verse and axial motions occur over longer time scales
than diffusion across the channel height, significant trans-
verse and axial Brownian diffusion of individual quan-
tum dots can be observed in these experiments [4]. Quan-
titative analysis of these measurements provides useful
information about the effective accessible volume of the
nanochannel, rate of axial transport, and dispersion. By
varying the ion concentrations and valence, these mea-
surements also offer information about the role played
by the Electrical Double Layer (EDL) and interactions

Figure 1: : (a) Schematic of optical TIRFM setup with
nanoparticles confined by the channel within the evanes-
cent wave. (b) The evanescent wave intensity is used to
obtain measurement of the z-component of the nanopar-
ticle position. This is used to obtain a time-averaged
distribution function for the full three-dimensional po-
sitions sampled by individual confined nanoparticles.

between the nanoparticle probes and the channel walls,
see Figure 1.

Electrokinetic transport in nanochannels of larger
analytes (DNA oligonucleotides 1 - 100 bps) is also be-
ing investigated using measurements of cross-sectional
through-put in the nanochannel. The resulting elec-
tropherograms exhibit interesting features when com-
pared to microscale channels [3]. It is found that bet-
ter resolution is attained in separating oligonucleotides
in the nanochannel relative to microscale channels, see
Figure 3. It is also found that EDL related effects ap-
pear to play an important role in the separation efficacy
and the rate of axial transport. In fact, for larger De-
bye lengths an interesting non-monotonic behavior is ob-
served where the longer oligonucleotides actually exhibit
a higher through-put than shorter oligonucleotides [3],
see Figure 2.
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Figure 2: Electrokinetic transport in a nanochannel of
100nm of oligonucleotides for different lengths ranging
from 1 − 100bps (top to bottom). (left) For a Debye
length λD = 3nm the peak arrival time increases mono-
tonically in the number of base pairs (bps). (right)
For a Debye length λD = 10nm the peak arrival time
exhibits a non-monotonic behavior. For example, the
100bps oligonucleotides arrive at an earlier time than
25bps oligonucleotides.

Figure 3: Electropherograms showing the separation
of flourescein and five different length strands of
oligoncuelotides in a microfluidic channel (left) and
nano-fluidic channel (right). In the microchannel, only
two peaks are visible, corresponding to free solution
flourescein, with all the different length oligonucletoides
convoluted into one peak. The DNA does not separate
into individual peaks because in the microchannel they
have similar electrophoretic mobilites. In contrast, all
five different lengths of oligonucelotides separate in the
nanochannel.

Figure 4: Electrokinetic Transport in a Nanochannel.

2 Theoretical Investigations

For nanochannels it is important to consider a num-
ber of physical effects that are typically neglected in
studies of microscale channels. New effects come into
relevance in nanochannels given the comparable size of
the channel diameter, the electrical double layers (EDLs),
and the analyte particle size. This results in effects in-
cluding the possible overlap of the EDLs of the analyte
particle and wall, analyte-wall steric interactions, and
adsorbtion/desorption kinetics. The electro-osmotic hy-
drodynamic flow is also expected to deviate from a plug-
flow across the channel, see Figure 4.

An interesting challenge in the study of nanochannels
is the non-linear coupling between the electrostatics, hy-
drodynamics, and analyte configurations. To investigate
the role of these effects, we propose a detailed theoretical
model of electrokinetic transport within a nanochannel
taking into account the Brownian motion of analyte par-
ticles, the particle-wall sterics, the ionic concentrations
(EDLs), and the solvent hydrodynamics driven by the
ions and analyte particles.

We investgate this detailed model by developing new
computational methods for the simulation of electroki-
netic transport of a finite number of analyte particles
within a nanochannel. We perform simulation studies
to study the relative contributions of these physical ef-
fects. We make comparisons to reduced theoretical de-
scriptions and to our experimental observations.

2.1 Electrokinetic Transport Model

We now describe our system of equations for tak-
ing into account the Brownian motion of analyte par-
ticles, the particle-wall sterics, the ionic concentrations
(EDLs), and the solvent hydrodynamics driven by the
ions and analyte particles. The system is described in
terms of the following fundamental degrees of freedom

(X, θ) : Particle Rigid Body Configuration

ck(x, t) : Ionic Species Concentration

u(x, t) : Solvent Fluid Velocity

Φ[c,X, θ] : Total Energy

The electrostatics are modeled by the equations

−∇ · ε∇φ = q(x, t)
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q(x, t) = qion(x, t) + qwall(x, t) + qprt(x, t)

qion(x, t) =
∑
k

qkck, qwall(x, t), qprt(x, t)

The electrical potential is given by φ. The charge dis-
tribution in space is given by q =

∑
k qk where k ∈

{ion,wall, prt}. The qk give the local contributions aris-
ing from the ions, channel wall, and analyte particles.
The ε = ε(x) gives the local permittivity used to ac-
count for differences in the electrical properties in space
within the ion-solvent fluid and within the analyte par-
ticle volume.

The ionic concentration fields are governed by

∂ck
∂t

= −∇ · Jk

Jk = −Dk∇ck − αk∇Φck + uck

Φ = φ+ ψ + Eelectrodes.

The ions are subject to the potential Ψ given by

ψ = ψst + ψwl + ψpr

This incorporates in the ion description a potential en-
ergy for the ion concentration field that accounts ap-
proximately for ion-excluded volume, interactions with
the wall and analyte particle, and the electric field pro-
duced by the electrodes.

The solvent hydrodynamic flow within the channel
and around the rigid particles is taken into account using
the Stokes equations

µ∆u = −∇p+ f

∇ · u = 0

u = 0, x ∈ ∂Ωwall

u = V`, x ∈ ∂Ωparticle `

f =
∑
k

αk∇Φck.

In practice, for fixed analyte particle configuration, these
equations are solved to steady-state to obtain instanta-
neous ionic concentration fields ck and hydrodynamic
field u.

The analyte particles are treated as rigid bodies.
They have overdamped translational and rotational stochas-
tic dynamics

dX

dt
= −Γ−1

hydF + gthm

dθ

dt
= −Λ−1

hydτ + hthm.

Figure 5: Computational Methods

The forces F and torques τ are computed from the elec-
trostatic potential and hydrodynamic fields. The effec-
tive hydrodynamic coupling tensors are determined from
the solution u of the Stokes flow for the domain defined
by the analyte particles and nanochannel geometry.

To account for translational and rotational diffusion
of the analytic particles we use the fluctuation-dissipation
principle to drive the dynamics with a stochastic forc-
ing term that is a Gaussian process with δ-correlation
in time and with covariances

gthm = Q
dBt

dt

〈gthm(s)gT
thm(t)〉 = QQT δ(t− s)
QQT = 2kBTΓ−1

hyd.

Similarly, for hthm.
To investigate the behaviors of this detailed model

computational methods are developed to solve the elec-
trostatic and hydrodynamic fields within the domain
determined by the analyte particle configurations and
nanochannel geometry. To cope with this complex ge-
ometry Adaptive Mesh Refinement (AMR) methods along
with efficient iterative solvers have been developed, [2],
see Figure 5. The hydrodynamic coupling tensors and
stochastic driving fields of the analyte particles are com-
puted in practice using a variant of the recently intro-
duced Stochastic Eulerian Lagrangian Method (SELM),
[1], see Figure 5.

This approach allows for simulation-based investi-
gations of electrokinetic transport for analyte particles
having different geometries, ion concentrations corre-
sponding to different Debye lengths and valences, and
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nanochannel geometries. This approach allows for char-
acterization of the role of the hydrodynamic coupling
and transport, the role of EDL structure and overlap,
and the role of translational/rotational Brownian diffu-
sion of the analyte particles.

3 Summary

A detailed theoretical model of electrokinetic trans-
port within nanochannels is presented. This detailed
model is explored using new computational methods to
study the relative contributions of the EDLs overlap,
steric effects, Brownian motion of analyte particles, and
the induced solvent hydrodynamics. Comparisons are
made with reduced models and with experimental ob-
servations.
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