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ABSTRACT
In this paper we present a robust and geometry independent
method for the estimation of diffusion coefficients of solutes
from image data. Our diffusion coefficient estimation algo-
rithm works in two steps. First, given the device geome-
try and the pressure boundary conditions, we calculate the
fluid velocity in the device by solving a Stokes flow prob-
lem. Then, using the calculated fluid velocity and the con-
centration at the device inlet and outlet ports we calculate the
solute concentration in the device by solving the convection
diffusion problem with a finite differences solver. The dif-
fusion coefficient is estimated by using Newton’s method to
minimize the square error between the measured concentra-
tion data and the concentration estimates produced with our
simulation tool.

keywords: convection-diffusion, parameter extraction.

1 INTRODUCTION
In this paper we present an algorithm for estimating the dif-
fusion coefficient of a solute using microfluidic mixers and
image data. Our estimation technique starts by simulating the
convection process for the specific mixer topology. The fluid
convection is assumed to be independent of the solute con-
centration and is calculated by solving a Stokes flow prob-
lem. Given the fluid velocity profile inside the mixer and the
solute concentration at the mixer inlet ports, we use a finite-
differences solver to calculate the solute concentration along
the mixer. An estimate of the diffusion coefficient is gener-
ated by minimizing the difference between the concentration
values calculated through simulation and the concentration
values obtained from the image data. To perform the min-
imization we used Newton’s method and developed an effi-
cient way of calculating the sensitivity of the simulated con-
centration values to changes in the diffusion coefficient. We
compared the diffusion coefficient estimates generated with
our algorithm with diffusion coefficient estimates calculated
using two other approaches and show that our algorithm is
more robust in dealing with noisy data and with narrow chan-
nels, where Taylor dispersion is more important.

Using our simulation tools to estimate diffusion coefficients
is an indirect way of validating them and illustrating their
effectiveness in predicting concentration profiles in devices
that may have complicated geometries. The study of diffu-
sion in non-uniform flows is important for several applica-
tions. For example, in [1] and [2] topology modifications

are proposed to reduce convection enhanced diffusion, also
known as Taylor dispersion, for lab-on-a-chip applications.
As another example, in [3] topologies are explored to pro-
mote diffusion and mixing.

2 METHODS
2.1 Experimental setup
Our test setup used gravity driven Y-shaped PDMS microflu-
idic mixers as illustrated in Figure 1 and further described
in [4]. The mixers consist of two input channels that are
25mm long and that are connected to an output channel that
is 35mm long. We used two mixers, one with a channel width
of 250µm and another with a channel width of 500µm; in
both cases the channel depth was 75µm. A solution con-
taining Allura Red was placed in one of the mixer inlets and
clear water was placed on the other inlet; the outlet port was
empty. After a steady state was reached, we collected several
images along the mixer outlet channel using a CCD camera
(Unibrain Fire-i400 Firewire Industrial). The images were
captured using a 4× objective and the scene was lit by trans-
illumination using a LED (Luxeon Star white emitter).

25mm

35mm

Inlet port with water 
and Allura Red

Inlet port with water

Mixer outlet 
port 

Images captured along
mixer output channel

Figure 1: Experimental setup: A solution containing Allura
Red food dye was placed in one of the inlet while the same
height of clear water was placed on the other inlet. Images
were collected along the mixer output channel and then con-
verted to concentration value profiles that were used in the
fitting algorithm to estimate the diffusion coefficient.

2.2 Beer-Lambert’s law, transmittance and
concentration

To relate the solute concentration to the observed RGB val-
ues we use Beer-Lambert’s law. Beer-Lambert’s law states
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that as monochromatic light with a wavelength of λ goes
through a sample of thickness H with a small uniform con-
centration, cA, of a solute A the transmitted power P is given
by

P (λ) = P0(λ)e−�A(λ)cAH (1)

where �A(λ) is the molar extinction coefficient of solute A at
the the wavelength λ and P0 is the transmitted power in the
absence of the solute A.

Even though we did not use a monochromatic light source,
the power emitted by the light source has a sharp maximum
in the active region of the blue CCD sensor and, for concen-
trations of Allura Red below 10 mM, the power measured by
the blue sensor depends exponentially on the concentration
value. A normalized concentration value kcm(x, y) can be
obtained using

B(x, y) = Brefe
−kcm(x, y)

kcm(x, y) = log(B(x, y)) − log(Bref),
(2)

where Bref is the intensity value measured in the absence of
the dye.

2.3 Convection Model - Stokes flow
Due to the small length-scales and the low fluid velocities
in the mixer, viscous forces dominate the fluid transport dy-
namics that can therefore be modeled using the Stokes flow
equations

µ∇2U = −∇P, (3)

where U is the vector fluid velocity and P is the pressure.
To solve (3) for U we setup pressure boundary conditions
at the mixer inlet and outlet ports and non-penetration no-
slip boundary conditions at the mixer channel walls. For
channels with a constant cross-section, the fluid velocity be-
comes laminar along the output channel and U(x, y, z) =
(0, Uy(x, z), 0) where x is the direction along the channel
width, y is the direction along the output channel and z is
the direction along the channel depth. The velocity profile
Uy(x, z) can be calculated by solving a 2D Poisson equation
driven by a constant pressure drop. Since the mixer is com-
posed of connected constant section channels, the pressure
drop across each the input and output channels can be calcu-
lated using a fluidic network model. For devices with more
complicated geometries fast integral solvers, such as Fast-
Stokes [5], can be used to efficiently calculate the detailed
velocity profile inside the device.

2.4 Convection-Diffusion
In the presence of only convection and diffusion, the time
rate of change of the solute concentration is given by the
negative divergence of the diffusive solute flux, FD, and the
convective solute flux, FC . The solute flux due to diffusion
is given by FD = −D∇c, where D is the unknown diffusion
coefficient and c is the solute concentration. The solute flux
due to convective transport is FC = Uc. In steady state, for
small time-scales, the amount of solute that is transported by

the diffusive and convective fluxes is in balance and the time
rate of change of concentration is zero and we get

∂c

∂t
= −∇ · (−D∇c + Uc) = 0. (4)

Assuming that D is homogeneous and independent of con-
centration and that the fluid is incompressible, steady state
convection-diffusion can be modeled by

D∇2c − U · ∇c = 0. (5)

To estimate the concentration of the solute inside our device,
for a specified D, we discretize (5) using finite-differences
to approximate the laplacian, the gradient and the boundary
condition terms. In our simulation we use the velocity pro-
file U(x, y, z) calculated in section 2.3 and enforce no-flux
boundary conditions on the device walls by imposing that
nwall · ∇c = 0. Since our aim is to estimate D, we match the
simulated and measured values at a point y0 near the begin-
ning of output channel c(x, y0, z) = cm(x, y0) and solve the
discretized (5) along the output channel. Since (5) is linear in
the concentration we normalize the measured and simulated
concentration values such that their maximum value is 1.

We can represent the discretized approximation to (5) by the
following system of linear equations

�

D

�
Li,i Li,w Li,y0

0 0 0
0 0 0

�

� �� �

Ls

−

�
U · ∇i,i U · ∇i,w U · ∇i,y0

0 nw · ∇cw 0
0 0 Iy0

�

� �� �

UGs

��
cs,i

cs,w

cs,y0

�

=

�
0
0

cm,y0

�

(6)
where the i, w and y0 subscripts refer to interior grid point,
to a point on the wall or to a point on y = y0 where the sim-
ulation is “initialized”. Li,w refers to the contribution of the
values of c on the wall to the approximation of the laplacian
at an interior point. For finite-differences approximations of
the differential operators the Li,∗ matrices and the U · ∇i,∗

matrices are very sparse.

Solving (6) produces cs(x, y, z) simulated concentration val-
ues for the set of simulation grid points (xs,ys, zs). To com-
pare the simulated concentration profiles with the measured
concentration values cm we can average cs(x, y, z) along the
channel depth, z, and interpolate the simulated results from
the simulation grid to the, usually coarser and sometimes ir-
regular, measurement positions (xm,ym). This interpolation
operation is represented in matrix form as cs(D,xm,ym) =
Mm,scs(D,xs,ys). In our experimental setup, operating ve-
locities and diffusivities were such that the dye concentration
cs(x, y, z) does not vary significantly along the z direction
and we can, much more cheaply, solve a two dimensional
version of (6) and obtain cs(D,xs,ys) directly.

2.5 Parameter extraction through data fitting
We propose estimating D by matching the simulated concen-
tration values cs(D,xm,ym) to the measured concentration
values cs(D,xm,ym) by minimizing

�E(D)�2
2 = �Mm,scs(D,xs,ys) − cm(xm,ym)�2

2. (7)
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We propose using Newton’s method to perform the mini-
mization because we found that, for this problem, it con-
verges to a fixed value of D in a small number of iterations
which reduces the number of times that we need to solve (6).
Newton’s method starts with a guess for D and generates a
new estimate Dnew using

�E(Dold�2
2 +

∂�E�2
2

∂D
(Dold)(Dnew − Dold) = 0 (8)

where
∂�E�2

2

∂D
(D) = 2E(D)M

∂cs

∂D
(D). (9)

The value of ∂cs
∂D (D) can be obtained by taking the derivative

of (6) with respect to D and solving

(DLs − UGs)
∂cs

∂D
(D) = −Lscs (10)

which requires factoring the same matrix that was already
factored to calculate cs in (6). Since we are dealing with
sparse matrices we can reuse the matrix factorization and
generate ∂cs

∂D at the cost of a matrix vector product, a back-
ward and a forward substitution. In the following we refer to
the estimates produced using this method as DFD because of
the use of finite-differences in (6).

2.6 Fitting a uniform velocity model
We can generate an estimate of the diffusion coefficient Derf

by using a simplified model with a closed analytical solu-
tion that does not require solving a system of equations like
(6) to generate an estimate of the solute concentration in the
channel. For a rectangular channel, under the simplifying as-
sumption that the fluid velocity is laminar and uniform along
the channel cross-section, the solute concentration is

c(D,x, y) =
C

2
− C

2
erf

�

x − x0

2
�

(Dt)0 + D(y − y0)/Uy

�

.

(11)
The estimate Derf we first choose C and (Dt)0 such that
c(D,x, y0)matches the measured concentration values at y0;
we then use Newton’s method to choosing Derf that mini-
mizes the square error between c(Derf , x, y) and the mea-
sured concentration values for the remaining concentration
measurements. The average velocity Uy can be calculated
by averaging the result produced in section 2.3.

2.7 Parameter extraction through PDE
residue minimization

Alternatively, instead of iteratively solving (6) and choosing
DFD by minimizing (8), we can choose DLLS such that the
measured concentration values satisfy the differential equa-
tion (5) as closely as possible. Since we only have a discrete
set of measured concentration values we cannot apply the
differential operators directly to the data, instead we approx-
imate the operators by using finite-difference schemes and
get

Ẽ(D) = (DLm − UGm)cm, (12)

where Lm is the discrete approximation to the laplacian and
UGm is the discrete approximation to the dot product be-
tween the velocity component at each point and the discrete
approximation to the gradient at that point. The estimate
DLLS = argmin(�Ẽ(D)�2

2), where LLS stands for linear
least squares, is

DLLS = ((Lmcm)T (UGmcm))/�Lmcm�2
2. (13)

3 RESULTS AND DISCUSSION
Before comparing the diffusion coefficient estimates produced
by the methods proposed in the previous sections we intro-
duce a reference value for the Allura Red diffusion coeffi-
cient DAR = 4.34×10−6cm2s−1. This reference value DAR

was calculated using Einstein’s relation [6] that relates the
molar mass of a solute with its diffusion coefficient.

The diffusion coefficient estimates produced using each of
the methods presented in sections 2.5, 2.6 and 2.7 are sum-
marized in Table 1. Our first observation is that the method
of choosing DLLS to minimize the residue of the differen-
tial equation applied to the measured data, presented in sec-
tion 2.7, does not produce consistent or even physically valid
estimates ofD. In contrast, the methods presented in sections
2.5 and 2.6, based on matching simulated concentration val-
ues to measured concentration values, produce DFD and Derf

that are of the same order of magnitude as DAR. Further-
more, the estimates DFD generated using data collected for
both 500µm and 250µm wide channels are consistent with
each other and are within 30% of DAR.

Table 1: Estimates for the Allura Red diffusion coefficient
(reference value DAR = 4.34 × 10−6cm2s−1). For DFD

see section 2.5, for Derf see section 2.6 and for DLLS see
section 2.7.
data W DFD Derf DLLS

set [µm] [cm2/s ] [cm2/s] [cm2/s]
1 500 5.54×10−6 5.57×10−6 3.97×10−7

2 500 5.18×10−6 4.79×10−6 -2.84×10−5

3 500 5.67×10−6 5.11×10−6 -6.58×10−6

4 250 4.98×10−6 7.22×10−6 -2.57×10−6

fitting method non-linear least squares linear least squares
fluid velocity Stokes flow uniform Stokes flow

For the 500µm wide channel data, Derf matches DFD and is
also close to DAR. However, for the 250µm wide channel
data Derf no longer matches DAR nor DFD. The degradation
of the accuracy of the Derf estimate for narrower channels
can be explained by the decreased validity of the uniform
fluid velocity assumption that underlies the method presented
in section 2.6. The effect of reducing the validity of the uni-
form fluid velocity assumption for narrow channels is made
very clear in Figure 2. While the finite-differences based
model from section 2.5 retains its ability to match the con-
centration profile along the output channel, the best fit pro-
duced by the uniform fluid velocity model gets clearly worse
from Figure 2b) to Figure 2c).
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Figure 2: Measured and simulated concentration profiles
along the mixer output channel. The measured data is labeled
cdata. The profiles cFD were generated using non-uniform
fluid velocity values and a finite differences solver (see sec-
tion 2.5). The profiles cerf were calculated by assuming a
uniform fluid velocity profile (see section 2.6).

4 CONCLUSIONS
We have showed that, for estimating the diffusion coeffi-
cientD, solving the non-linear least squares problemDFD =
argmin(�E(D) = cFD(D) − cm�2) where cFD(D) is an
easily differentiated non-linear function relating spatial con-
centration to the diffusion constant D and cm is the set of
measured concentration values, is far more robust than solv-
ing the much cheaper linear least-squares problem DLLS =

argmin(�Ẽ(D) = D∇2cm − u · ∇cm�2).

We conclude that the process of estimating DLLS is flawed
because applying ∇2 and ∇ to the measured data severely
damps the low frequency spectrum of cm and greatly ampli-
fies the high frequency, noisy spectrum of cm. Since diffu-
sion is a smoothing process, the information required to esti-
mateD, is bound to be associated with the lower components
of the spectrum. Because it amplifies the importance of noise
and reduces the importance of the relevant data, minimizing
the cost function �Ẽ(DLLS)�2

2 produces estimates DLLS that
are inconsistent and usually meaningless.

Finally, we conclude that, especially for narrow channels, the
uniform fluid velocity model described in section 2.6 is not
accurate enough and that the more detailed model proposed
in section 2.5 should be used.

In the future we intend to apply our estimation methods to
more complicated geometries. We also plan to work on im-
proving our experimental process to allow for a more rigor-
ous validation of our simulation results. Important changes to
the experimental procedure would be using monochromatic
light sources and lens filters such that Beer-Lambert’s law
can be applied directly to the image data. Another important
change would be replacing the gravity driven flow devices by
more reliable devices driven by syringe pumps.
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