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ABSTRACT

We have proposed an ultra-fast method for the

determination of antibody concentration in an analyte. The

method is based on a short pulse introduction of the analyte

into the flow-through microcapillary. The mathematical

model of transport and kinetic processes in a capillary

microchip for heterogeneous immunoassay (IgG – Protein

A) and results of simulations are described. Effects of

surface heterogeneities at the immobilized antigen and the 

effects of kinetic, geometric, and operational parameters are 

studied. It is demonstrated that 1 sec pulse of the analyte is 

long enough to qualitatively determine antibody

concentration in a wide range of the values of model

parameters.

The corresponding experimental microchip on the

polystyrene matrix was constructed by the wire imprinting

method. The measured value of the electroosmotic mobility

coefficient  which characterizes flow through the microchip

is eo = 2.83±0.11 10-8 m2V-1s-1.

Keywords: microchip, immunoassay, electroosmosis,

polystyrene, modeling

1 INTRODUCTION

A microchip for heterogeneous immunoassay on 

polystyrene matrix is studied in this paper. Development of

ultra-fast qualitative determination of antibodies is the main

aim of the work. The studied method is based on the

introduction of a short pulse of the antibody analyte into the

microcapillary system. Flow of both the analyte and the 

running buffer is provided by electroosmosis. The effect of 

the surface heterogeneities at the immobilized antigen on

the time course of the immunoassay is intensively studied.

We have chosen the IgG-Protein A system as the model

interaction [1]. Modeling of these processes substantially

enlarges the results of the recently published work [2-4].

Experimental determination of the electroosmotic

mobility coefficient in the polystyrene microcapillary is the

subject of the experimental section. This parameter is 

crucial in the flow control.

2 MATHEMATICAL MODELING

The proposed microcapillary system consists of three 

zones (see Fig. 1). Sample solution containing the antibody

molecules is introduced through the S boundary. The 

antibody molecules form antigen-antibody complex on the 

walls of the reaction zone A, where the antigen is 

immobilized on the walls. Speed of the analyte flow is

controlled by a gradient of electric potential which is

imposed at the ends of the microcapillary (S and W).

Figure 1: Scheme of the model system. The symbols S, W,

N, A denote inlet boundary, outlet boundary, inert capillary

wall, and capillary wall with the immobilized antigen

(reaction zone), respectively.

2.1 Model equation 

The mathematical model describes velocity (U,V),

pressure (P), electric potential ( ), and concentration fields

(CAb, CC) in the capillary microsystem. The axial symmetry

in the system is considered. Hence a description of the

processes only in the R-Z coordinates is necessary. We have

assumed that the antibody and the antibody-antigen

complex concentrations are low enough not to affect the 

distributions of the other model variables. Then the Navier-

Stokes equation and the continuity equation in

dimensionless form in the cylindrical coordinates can be

written as 
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The dimensional parameters of the model are depicted

in Table 1 and the dimensionless criteria in Table 2.

We have used the slip boundary condition given by

Helmhotz-Smulochowski equation on the microcapillary
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walls and the symmetry conditions in the radial centre

(R = 0) of microcapillary
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Local electroneutrality is considered thus the

distribution of electric potential follows from the solution

of Laplacian with Dirichlet boundary conditions on the inlet

and the outlet of the capillary and the zero-flux conditions

on the microcapillary walls and in the centre of symmetry
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Spatio-temporal distribution of antibody concentration

is described by the molar balance. The total flux of the

antibody is given by the sum of convection, diffusion, and

electromigration fluxes 
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Danckwerts boundary conditions are used on the inlet

and the outlet boundaries of the system. A complex Robin

condition is considered on the immobilized antigen where

the free antibody molecules and the immobilized antigen

form the antigen-antibody complex bounded on the

capillary wall. No antibody flux is assumed on the inert

walls of the microcapillary. The boundary conditions in

directions when the normal vector is equal to zero are not

listed.
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Distribution of concentration of the bounded complex

on the wall of the reaction zone is described by equation

containing the kinetics of the antigen-antibody complex

formation
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The following scaling factors were used in non-

dimensionalization
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Figure 2: Left panel. Distribution of antibody concentration

in the R-Z coordinates in the system 2 and 3 seconds after

the antibody introduction. (A) Capillary radius is R0 = 

1 m, (B) R0 = 10 m, (C) R0 = 100 m, (D) R0 = 1 mm.

Right panel. The axial spatial profile of the fraction of the 

antigen binding sites bounded with the antibody molecules

on the wall of the reaction zone 2 and 3 seconds after the

antibody introduction and after the elution of the free

antibody molecules. The other model parameters are cAb,i = 

1 10-3 mol m-3, eor = 0 m2V-1s-1.

2.2 Numerical analysis 

The model equation and the corresponding boundary

conditions were solved by standard Matlab/Femlab

procedures. Distributions of velocity, pressure, and electric

potential were obtained using Newton method in the first

step. Dynamical simulation of evolution both of the

antibody and antigen-antibody complex concentrations was

carried out in the next step with the use of the other steady 

distributions received from the Newton procedure.

2.3 Results and discussion

We have studied the effect of local surface

heterogeneities both on time evolution of antibody

concentration in the microcapillary and on homogeneity of 

the distribution of complex concentration in the reaction

zone of 200 m length. Pulse of the analyte solution 

containing the antibody molecules is introduced within one

second into the microcapillary. Then the analyte on the inlet

is replaced by a running buffer.
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Figure 3: The same plots as Fig. 1, eor = -4 10-8 m2V-1s-1.

The surface heterogeneities are expressed as local

changes in the value of the electroosmotic mobility

coefficient in the reaction zone eor which is proportional to

the surface -potential. These changes have been reported

in experiments when bio-macromolecules were 

immobilized on internal microchip surfaces.

A decrease of eor with respect to eo is the common

feature of the antigen immobilization. Time evolution of

antibody and antibody-antigen complex fields for eor = 0 

m2V-1s-1 is depicted in Fig. 2. The capillary with radius 1 m

behaves effectively as a one-dimensional system. Flow

alteration at the surface heterogeneity is not important due

to short diffusion time of antibody in radial coordinate. The

final profile of complex concentration is not too flat

because most of the available antibody molecules is

consumed at the front part of the reaction zone. As the 

radius of the capillary growths, the system becomes fully

two-dimensional. The axial velocity near the reaction zone

decreases to zero. Hence the residence time of antibody

molecules at the antigen binding sites is much longer than

in the centre of capillary and the spatial profile of the 

complex concentration is almost flat. 

An extreme example of behavior of the microsystem is

depicted in Fig. 3. The coefficient eor is negative, which

can be caused by a special surface modification or a change

of pH value. In that case, the antibody molecules are first

transported through the centre of the capillary and then the 

back flow at the capillary walls brings antibody to the

antigen binding sites. The binding sites are saturated in the

opposite axial direction (from the right to the left). 

Figure 4: (A) Dependence of the number of the formed

complex molecules in the reaction zone on time for cAb,i

ranged from 1 10-2 mol m-3 (blue line) to 1 10-8 mol m-3

(black line). kon = 3.952 m3mol-1s-1. (B) Dependence of the

number of the formed complex molecules in the reaction

zone on cAb,i for 1 (blue), 10 (green), 100 (red), and 1000 s 

(cyan) pulses of the analyte. kon = 3.952 m3mol-1s-1. (C)

Dependence of the number of the formed complex

molecules in the reaction zone on time for kon ranged from

1 10-1 m3mol-1s-1 (blue line) to 1 10+4 m3mol-1s-1 (yellow

line). cAb,i = 1 10-3 mol m-3. (D) Dependence of the number

of the formed complex molecules in the reaction zone on

Damköhler number (kon) for 1 (blue), 10 (green), 100 (red),

and 1000 s (cyan) pulses of the analyte, cAb,i = 1 10-3

mol m-3. The other parameters are eor = 0 m2V-1s-1 , R0 = 

12.7 m.

On average, analyte pulse of one second duration results

in the formation of 105-108 molecules of complex in the

reaction zone (depending on the radius of the capillary).

This amount is easily detectable, e.g., if the antibody

molecules are tagged by a fluorescence marker.

In the next step, we have studied the effects of both

duration of the analyte pulse and the inlet antibody

concentration cAb,i (see Fig. 4A,B). It has been found that

the duration of the pulse can range from 1 to 100 s. A

shorter pulse can result in detection problems for low 

concentrated analytes. On the other hand, the method can

become insensitive to higher antibody concentration for

pulses longer than 100 s due to reaction equilibrium at the

antigen binding sites. 

We have also studied the effects of the antibody-antigen

binding constants kon for the chosen inlet concentration of

antibody (Fig. 4C,D). The time length of the analyte pulses

for such parameters range from 0.1 to 30 s. It can be seen
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that for a high Da number (e.g., kon = 1 10+4 m3mol-1s-1) the 

immunoassay process switches from the reaction limited

regime to the transport limited regime. This change occurs

at the upper boundary of physically relevant values of Da.

Hence the studied IgG-PA microcapillary system usually

operates in the reaction limited regime.

3 EXPERIMENTAL SECTION

The wire imprinting method was used for the

construction of simple polystyrene microchip [5]. A

chromel wire with diameter 0.0005 inch was used for

microchannel embossing. The method based on a change of

electrolyte conductivity in microcapillary was exploited.

Concentration of potassium chloride in the reservoir

connected directly to the microcapillary was periodically

varied between 10 and 100 mol m-3 (Fig. 5A). As the

electrolyte is electroosmotically transported into the

capillary, the electric conductivity and consecutively the

measured electric current increases or decreases. The time 

period of the change of electric current is proportional to

the axial velocity and the electroosmotic mobility

coefficient. The four electrode arrangement was used for

the measurement in order to avoid the systematic error 

given by an electric potential drop on the source electrodes

(Fig. 5B). 

The average value of the electroosmotic mobility

coefficient based on 50 experimental runs is eo = 2.83 10-8

m2V-1s-1. The 95 % confidence interval of the average value 

is 0.11 10-8 m2V-1s-1. The received value of eo for

polystyrene is higher than 1.8 10-8 m2V-1s-1 reported in [5]

and lower than 3.9 10-8 m2V-1s-1 reported in [6].

Figure 5: (A) An example of experiment for the

determination of the eo in the polystyrene microcapillary. 

(B) Picture of the experimental microchip and scheme of 

the four electrode arrangement.

4 CONCLUSIONS

The developed method of ultra-fast immunoassay is 

sensitive to the concentration of antibody in the analyte in

wide range of kinetic, geometric and control parameters.

Experimental verification of the theoretical results in a 

simple polystyrene microdevice is planned in the next step.
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Value Unit Description

tot
c

Ag
1 10-7 mol m-2 ce conc. antigen surfa

Ab
D 4 10-11 m2s-1 antibody diffusivity

F
-196485 C mol Faraday’s constant

KD 1 10-6 mol m-3 Ag-Ab equilibrium const.

kon 3.952 m3mol-1s-1 Ag-Ab kinetic const.

3L 6 10-4 m length of capillary

RT 8.314 J mol-1K-1 molar gas constant

T 310 K temperature

zAb 0 antibody charge number

S
6 V electric potential on S bn.

W
0 V electric potential on W bn.

6.919 10-4 sPa viscosity of analyte

eo
2 10-8 m2V-1s-1 coef.electroosmotic mob.

993.32 kg m-3 density of analyte

Table 1: Dimensional model parameters.

Dimensionless criteria Description

TRcFRk
Teo

tot

Agon 0Da Damköhler number

Péclet numberFDTR
AbTeo

Pe

Reynolds numbLFTRR
Teo 0Re er

onDTeoC
kFKRTR

2

0
Time scale of complex

formation

Table 2: Dimensionless parameters.
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