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ABSTRACT

A continuum model of the self-assembly of globular
protein nanoparticles proposed by Talanquer and Ox-
toby (J. Chem. Phys. 109, 223 (1998)) is investigated
numerically, with particular emphasis on the region near
the metastable fluid-fluid coexistence curve. The free
energy barrier that separates a protein rich metastable
fluid phase from its stable crystalline phase is studied
for a variety of nucleation pathways in the metastable
region. As shown earlier, the nucleation barrier is small-
est in the vicinity of the fluid-fluid critical point. An
approximate analytic solution is also presented for the
shape and properties of the nucleating crystal droplet.
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1 INTRODUCTION

Globular protein molecules provide an excellent ex-
ample of nanoparticles that can self-assemble to form
crystal clusters. The formation of high quality pro-
tein crystals is a prerequisite in the determination of
the protein structure, which in turn determines protein
functions. As a consequence, there is great interest in
determining the conditions necessary to form high qual-
ity protein crystals. Since nucleation of a crystalline
droplet is the critical step toward the formation of the
solid phase from the supersaturated solution, this is the
focus of current studies. It has been shown that the
crystallization of globular proteins can be explained as
arising from attractive interactions whose range is small
compared with the molecular diameter (corresponding
to a narrow window of a small, negative value of the
second virial coefficient B2 [1],[2]). In this case the gas-
fluid coexistence curve is in a metastable region below
the liquidus-solidus coexistence lines, terminating in a
metastable critical point (Figure 1). Self-assembling of
the globular proteins into nanoscale clusters is a stochas-
tic process which can be characterized by the nucleation
rate; this rate is controlled by the free energy barrier
between the supersaturated fluid solution and the crys-
talline state. Talanquer, Oxtoby [3] and ten Wolde and
Frenkel [4] shows that the free energy barrier on the
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Figure 1: Phase diagram for the nanoparticles with the
short-range attraction interactions. The fluid-fluid co-
existence curve becomes metastable in this case.

path of constant supersaturation is the smallest in the
vicinity of the critical point.

In this work we extend the numerical analysis of a
continuum model of globular proteins studied by Talan-
quer and Oxtoby [3], with particular emphasis on the
region near the metastable fluid-fluid coexistence curve.

2 MODEL

We use a model due to Talanquer and Oxtoby [3]
to describe globular protein crystallization. Their phase
field model is based on the following grand canonical
free-energy functional:

Ω [ρ, m] =
∫

d�r
[
f(ρ,m) − µρ+

+
1
2
Kρ(∇ρ)2 +

1
2
Kmρ2

s(∇m)2
]

(1)

The free energy depends on two order parameters:
the (conserved) local density ρ(r, t) and a (non-conserved)
local structural order parameter that shows whether the
system is in a solid or fluid phase m(r, t). Here f(ρ,m)
is the Helmholtz free-energy density and µ is the chemi-
cal potential. Talanquer and Oxtoby [3] use the van der
Waals free energy density for the fluid branch:
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ff (ρ,m) = kBTρ [ln ρ − 1 − ln(1 − ρb)]

− aρ2 + kbTα1m
2 (2)

and a corresponding van der Waals free energy for
the solid phase:

fs(ρ, m) = kBTρ [ln ρ − 1 − ln(1 − ρ̄b)]

− (a + amm2
s)ρ

2 + kbT (α1m
2 + α2) (3)

Here ρ̄ plays a role of a weighted coarse grained den-
sity ρ̄ = ρ(1 − α3m(2 − m)) where the term in square
brackets implements a difference between the fluid and
solid close-packing limits. For the fluid close-packing
limit, ρb = 1, while for the solid close-packing limit
ρ̄b = 1. The quantity ms(ρ) is the equilibrium value
of the order parameter in the solid phase and hence is
a solution of the equation (∂fs/∂m)ms(ρ) = 0. Thus
in the solid close-packing limit (bρ̄ = 1) ms = 1. The
parameter am in equation (3) has been introduced in
order to change the range of the attractive interactions
between molecules in the solid phase from that in the
liquid phase (as described by the parameter a in equa-
tion (2)).

The chemical potential in the solid and fluid phases is
the first derivative of the free energy with respect to den-
sity: µ = (∂f/∂ρ)T . In order to get coexisting densities
ρα and ρβ we have to solve the equations µ(ρα) = µ(ρβ)
and ω(ρα) = ω(ρβ), where ω = f −µρ. Graphically this
gives the well-known ”common tangent” rule for coex-
istence. By repeating this for different temperatures we
can obtain the entire phase diagram.

In order to obtain a critical droplet profile we must
solve the Euler-Lagrange equations with appropriate bound-
ary conditions:

δΩ
δρ

= 0 and
δΩ
δm

= 0

i.e.,

−Kρ∇2ρ +
∂f

∂ρ
− µ = 0 (4)

−Km∇2m +
∂f

∂m
= 0 (5)

Using the solutions of (4) for ρ(r) and m(r) we can
obtain such properties of the inhomogeneous system as
the free energy barrier and the surface tension.

3 NUMERICAL RESULTS

Here we present some results, extending the work of
[3], for the following choice of parameters: a = 1, b = 1,

α1 = 0.25, α2 = 2, α3 = 0.3, am = 1. The phase dia-
gram for these values is shown in Figure 1, which shows
in particular a metastable fluid-fluid coexistence curve.
The existence of the metastable critical point affects the
nucleation and growth processes in the vicinity of this
point.

The main quantity characterizing the self-assembly
process is a nucleation rate I, given by

I = I0e
−∆Ω/kT (6)

where I0 is a prefactor given by the product of dy-
namical and statistical parts [6]. To be able to control
the self-assembly process we need to understand how
this metastable critical point affects nucleation. We cal-
culate the free energy barrier for different thermody-
namic paths. (Some results for this barrier were pre-
sented in [3] and in [5].) The barrier dependence on
temperature and density in the metastable region be-
tween the liquidus (solubility curve) and solidus lines is
quite straightforward. As we increase the temperature
at the constant density of the disordered state the bar-
rier increases and diverges at liquidus line. The same
behavior is obtained [5] if we decrease the density of the
disordered state an the constant temperature. This is
because at any point on the solubility curve the free en-
ergy is infinite and decreases as one moves away from it
and vanishes at the spinodal.

However, the existence of the metastable fluid-fluid
coexistence curve changes the pathways of the constant
free energy barrier and constant supersaturation lines as
compared with the case in which the coexistence curve
is not metastable. We can also see that along the lines
with constant supersaturation the free energy barrier
decreases as one approaches the critical point (Fig. 2),
which is consistent with [3]. Figure 2 shows that the
free energy barrier has a minimum near, but not at, the
critical point. The location of this minimum changes
from above the critical point for low supersaturation
to below the critical point for high supersaturation. It
also can be seen that the increase of the free energy
barrier below the critical point becomes very sharp for
the cases where the constant supersaturation lines inter-
sect the fluid-fluid coexistence curve. Because there is a
discontinuity in those lines of constant supersaturation
which intersect the fluid-fluid coexistence curve, the free
energy barrier has a corresponding discontinuity. this
leads to the jumps in the dependence of the barrier on
temperature (fig. 2 for ∆µ = 0.8 and ∆µ = 0.9.). As
we can see from figure 3 the surface tension also has
a discontinuity at ∆µ = 0.8 and ∆µ = 0.9. In order
to understand the behavior of the free energy barrier
along the constant supersaturation lines, we first con-
sider their shape. At high temperatures these lines are
more vertical (constant density lines) and the free energy
barrier decreases with temperature. Near the critical
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Figure 2: Dependence of the free energy barrier versus
temperature at constant supersaturation. From top to
bottom ∆µ = 0.7, 0.75, 0.8, 0.9.

point the curves become almost horizontal (isothermal
lines) and the barrier starts to increase. Thus the shape
of the constant supersaturation curve in some sense de-
termines the behavior of the free energy barrier. To
understand this in more detail, we note that the deriva-
tive of temperature with respect to density at constant
supersaturation is

(
∂T

∂ρ0

)
∆µ

= −
(

∂∆µ
∂ρ0

)
(

∂∆µ
∂T

) = −
⎡
⎣ f

(f)
ρρ(

∂∆µ
∂T

)
⎤
⎦

ρ=ρ0

(7)

where fρρ is evaluated at the background fluid den-
sity. This derivative vanishes at the critical point, so
that the constant supersaturation lines become horizon-
tal in the vicinity of the critical point. On the other
hand, at large temperatures the denominator vanishes,
so that the constant supersaturation lines become verti-
cal. Thus we see that the presence of the critical point
changes the behavior of the free energy barrier from de-
creasing as we lower the temperature far from the crit-
ical point (the vertical part of the ∆µ = const lines)
to increasing as we lower the temperature to its criti-
cal value (the horizontal part of the ∆µ = const lines).
Therefore somewhere in between there is a minimum of
the free energy barrier. Thus we can conclude that the
free energy barrier is relatively unaffected by the exis-
tence of the critical point along paths of constant tem-
perature or constant density , whereas it plays a crucial
role along paths of constant supersaturation

One quantity of interest is the excess number of molecules,
defined as the number of molecules in the presence of
the droplet relative to the number of molecules in the
spatially homogeneous metastable state:
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Figure 3: Dependence of the surface tension versus tem-
perature at constant supersaturation. From top to bot-
tom ∆µ = 0.7, 0.75, 0.8, 0.9.

N =
∫

V

(ρ(r) − ρ0)d�r (8)

We can calculate the number of molecules in the
crystalline state using m(r), since this phase field shows
whether a point is in the solid or fluid state. Thus:

Nc =
∫

V

m(r)(ρ(r) − ρ0)d�r (9)

Mean field theory yields a divergence in the excess
number of particles at the metastable critical point, whereas
the number of particles in the crystalline state remains
finite. We can check our numerical results with the nu-
cleation theorem [7], [8]:

∂∆Ω
∂∆µ

= −N (10)

Thus we can take a derivative of the free energy bar-
rier with respect to supersaturation and compare this
with our results for the dependence of the excess num-
ber of particles on the supersaturation [5]. We see that
the free energy barrier decreases rapidly near the critical
point as a function of the supersaturation. This hap-
pens because the background fluid density as a function
of the supersaturation becomes flat in the vicinity of the
critical point.

4 DISCUSSION AND
CONCLUSIONS

In this paper we have extended the numerical re-
sults [3] to obtain a better understanding of nucleation
for their model. In particular, we have calculated the
density and structure order parameter profiles of the
critical nucleating droplet for different temperatures at
constant supersaturation. This solution of the saddle
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Figure 4: Comparison of the numerically obtained den-
sity profile (at T/Tc = 1.2 and ρ0 = 0.33) with the tail
and core approximations (dashed lines).

point equations then yields the free energy barrier to
nucleation and the surface tension. As it can be seen
the nucleation barrier has a minimum near the critical
point. Also if the path with constant ∆µ crosses fluid-
fluid coexistence curve, then both free energy barrier
and surface tension have discontinuity.

In our previous paper [5] we also presented analyti-
cal approximation for the core and the tail of the critical
cluster. The tail solution is in agreement with Sear’s ap-
proximation [9]. Figure 4 shows these approximation in
comparison with numerical solution. We can see, that
while the core approximation is very close to the numer-
ical solution near the center of the droplet it diverges
quickly as it approaches the interface region.
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