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ABSTRACT 

 
Difference in strains in the two layers of a bimorph 

causes it to curl, thereby leading to actuation. Thermal, 
piezoelectric and shape-memory alloy based straight 
bimorph actuators that undergo out-of-plane bending have 
been widely reported. We propose a new class of 
microactuators based on curved bimorphs and report their 
analysis for the first time. The distinguishing feature of 
curved bimorphs is that out-of-plane bending and twisting 
deformations are coupled. Analytical expressions for the 
vertical deflection and bimorph twist are obtained. The 
analysis is validated via finite-element simulations. The 
center of a micromirror-plate actuated by straight bimorphs 
shifts significantly during actuation. A novel design based 
on curved bimorph is proposed in which the mirror-plate 
center shift is only 0.4 µm for 13.5 degrees mirror tilt.  

 
Keywords: bimorph, curved bimorph, micromirror, thermal, 
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1 INTRODUCTION 
 
A bimorph actuator consists of two thin-film layers. 

Difference in strains produced in the two layers causes a 
bimorph to curl, thereby leading to actuation. Various 
microactuators using thermal [1], piezoelectric [2] and 
shape-memory alloy (SMA) [3] based straight bimorphs 
have been reported in literature. The theory of straight 
bimorphs [4] and multimorphs [5] is well developed. 
Straight bimorphs undergo bending upon actuation. On the 
other hand, curved bimorphs can undergo both out-of-plane 
bending and twisting deformations. The combined bending 
and twisting has been schematically depicted in Fig. 1. 
Therefore, curved bimorphs can significantly expand the 
design space available to MEMS engineers.  

Little attention has been paid to curved bimorphs 
actuators. Xu et al. reported the fabrication of a 2D 
electrothermal micromirror actuated by curved bimorphs 
[6]. Shi reported the analysis of curved bimorphs whose 
constituent layers lie in the same plane [7]. Such structures 
undergo in-plane bending and do not twist upon actuation. 
However, the analysis of curved bimorphs that undergo out-
of-plane bending and twisting has not been reported before.  

The next Section will outline the procedure for 
analyzing curved bimorphs. Analytical expressions will be 
validated using finite element (FE) simulations. The 
limitations of the proposed theory will be identified. 
Possible applications will be proposed in Section 3.   

 
Figure 1: Schematic of a curved bimorph clamped at one 
end (a) Undeformed (b) Out-of-plane bending and twisting 
upon deformation.  

  
2 CURVED BIMORPH ANALYSIS 

 
As in the case of straight bimorphs [1], the key 

equations in curved bimorph analysis are the beam 
deformation equations, the force and moment balance 
equations, and strain continuity at the interface between the 
two layers. The subsequent subsections will establish the 
theory governing the bending and twisting of curved 
actuators based on these equations. 

 
2.1 Deformation of Curved Beams 

Let us consider the bending of a curved beam. Fig. 2(a) 
shows a section of a curved beam of in-plane radius of 
curvature R subjected to a bending moment Mi. The 
thickness, width, Young’s modulus and cross-sectional 
moment of inertia are ti, wi, Ei and Ii respectively. In 
subsequent sections, the subscript i will be used to denote 
the ith layer of a curved bimorph and i = 1, 2. The distance 
along the beam is s. The vertical deflection and twist angle 
are denoted by U(s) and φ(s) respectively.  

 
Figure 2: (a) Portion of a curved beam (b) Beam cross-
section 

 
For small deformations the deflection is given by [8], 
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If the beam is clamped at s=0, the boundary conditions 

are U(0)=0, U’(0)=0 and φ(0)=0.  Solving (1) and (2) and 
imposing boundary conditions, 
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Fig. 2(b) shows the cross-section of area Ai of the 

curved beam. The origin of the local u-r coordinate system 
coincides with the centroid of this cross-section. Let Ji be 
defined by the area integral [9],  
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Then the axial strain produced due to bending moment 

is given by [9],  
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2.2 Force and Moment Balance 

Let us consider a section of a curved bimorph shown in 
Fig. 3. The top and bottom layers are denoted as layer 1 and 
layer 2 respectively. Let the Young’s modulus and 
thickness of the ith layer be Ei and ti respectively, i=1, 2. 
Let the normal force and bending moment acting on layer i 
be Ni and Mi respectively. Force balance gives, 
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Moment balance gives, 
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2.3 Strain Continuity 

The strains produced in the top and bottom layers must 
match at the interface between the two. The three 
components of the total axial strain produced in the ith 
layer are the strain due to axial force (εNi), strain due to 
bending moment (εMi) and strain due to thermal or 

piezoelectric actuation or both (εacti). The strain due to axial 
force is [4],  
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Figure 3: Section of a curved bimorph 

 
The strain due to bending moment is given by (6). 

Thermal strain is αiΔT, where αi is the coefficient of 
thermal expansion of the ith layer and ΔT is the rise in 
temperature [5]. Piezoelectric strain is given by diξi, where 
di and ξi are the piezoelectric coefficient of the ith layer and 
the electric field in the ith layer respectively [5]. If both 
thermal and piezoelectric effects are present, εacti is given 
by the sum of thermal and piezoelectric strains. Equating 
the total axial strain at the interface,  

 

1 1 2 21 2N M act N M act            (10)  
 
The results derived in subsection 2.1–2.3 will be 

combined to obtain the expression for bimorph deformation 
in the next subsection. 

 
2.4 Deflection and Twist of Curved 
Bimorphs 

The out-of-plane bimorph deflection may be obtained 
by using (3), (6), (7), (8), (9) and (10), 
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The beam twist angle may be obtained by using (4). 

Next, the analytical expressions will be validated against 
simulation results. 

 
2.5 Validation via FE Simulations 

Let us consider an Al-SiO2 thermal bimorph clamped at 
one end. Based on typical values reported in literature [1] 
width w=10 μm, length l=50 μm, t1=t2=1 μm is chosen. 
Fig. 4 shows good agreement between analysis and FE 
simulation.  
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Figure 4: (a) Tip deflection (b) Twist angle for an Al-SiO2 
thermal bimorph with w=10 μm, l=50 μm, t1=t2=1 μm 
subjected to a uniform temperature change of 100 K.  

 
2.6  Limitations of Analytical Model 

 
Figure 5: Out-of-plane deflection along a semicircular Al-
SiO2 thermal bimorph with R=500 μm for a uniform 
temperature change of 100 K. 

 
The theory developed in this paper draws upon the 

small deflection theory of curved beams [8]. Therefore, 
large deflection may result in a large error in the analytical 

model. For instance, let us consider an Al-SiO2 semicircular 
thermal bimorph with an in-plane radius of R=500 μm and 
width w=10 μm. The thickness of both the layers is 1 μm. 
Let us assume that the bimorph is initially parallel to the 
substrate with no bending or twisting deformations. Fig. 5 
compares FE simulation results for a uniform temperature 
change of 100 K. Clearly, there is large discrepancy 
between analytical and FE results for out-of-plane 
deflection greater than 200 μm. Potential applications of 
curved bimorphs will be discussed next. 

 
3 POSSIBLE APPLICATIONS 

 
Currently, most bimorph designs reported in literature 

are restricted to straight bimorphs only. Curved bimorphs 
undergo combined out-of-plane bending and twisting upon 
actuation. The analysis procedure outlined in this paper 
may be extended to bimorphs of arbitrary shape by treating 
the in-plane radius of curvature, R as a function of the 
distance along the bimorph, s. Therefore, this work can 
greatly expand the design space for MEMS devices. 
Micromirror designs actuated by a curved bimorph will be 
proposed in this section. 

 
Figure 6: Straight bimorph based 1D micromirror design at 
two different positions during a scan cycle [1]. The mirror-
plate center suffers significant shifts during actuation. 

 
Fig. 6 shows a schematic of a 1-D electrothermal 

micromirror actuated by an array of straight bimorphs [1]. 
As shown in Fig. 6, the mirror-plate center shifts 
significantly during actuation. This makes optical alignment 
difficult during system design. As a solution to this 
problem, the design shown in Fig. 7(a) is proposed.  The 
50 μm wide mirror plate is actuated by an Al-SiO2 
semicircular actuator with in-plane radius of curvature 
35 μm and width 10 μm. The Al and SiO2 layers are 1 μm 
thick.  From FE results shown in Fig. 7(b), the mirror-plate 
tilts by 13.5± for a uniform actuator temperature change of  
200 K. The mirror-plate center shift is less than 0.4 μm. 

Another major advantage of curved actuator design is 
that 2D scan may be achieved by using a single actuator. 
Fig. 8 shows two mutually perpendicular resonant scanning 
modes of a mirror-plate actuated by an elliptical actuator.  
The design shown in Fig. 7(a) is also found to have two 
mutually perpendicular scanning modes. Currently, state-
of-the-art 2D scanning mirrors employ as many as 4 signal 
lines [10]. This makes system miniaturization difficult. 
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Lammel et al. reported an L-shaped actuator for achieving 
2D scanning using a single actuator [11]. However, the 
mirror-plate actuated by an L-shaped actuator suffers large 
center-shift during actuation. On the other hand, in the 
designs shown in Fig. 7(a) and Fig. 8, the center-shift 
produced by beam bending is compensated by the beam 
twist. Low center-shift is hence achieved.  

 

 
Figure 7: (a) Schematic of a 50 μm wide mirror plate with a 
Al-SiO2 semicircular actuator (R= 35 μm, w=10 μm) (b) FE 
simulation shows that the mirror-plate tilts by 13.5± for a 
temperature change of 200 K. The mirror-plate center shifts 
by 0.4 μm only.  

 
Figure 8: Scanning resonant modes of an elliptical 
micromirror with 50 μm semi-minor axis and 100 μm semi-
major axis. The 5 μm wide elliptical bimorph beam consists 
of 1 μm thick Al and 0.4 microns thick W layers. (a) 
Scanning about x-axis (2.5 kHz). (b) Scanning about y-axis 
(4.4 kHz). 

4 SUMMARY AND CONCLUSIONS 
 
This paper reports the analysis of curved bimorphs that 

undergo combined out-of-plane bending and twisting upon 
actuation. The equations governing curved-beam 
deformation, force and moment balance, and strain 
continuity at the interface between the two layers have been 
used to derive analytical expressions for deflection and 
twist of curved bimorphs. Analytical expressions show 
good agreement with FE simulations. The equations 
governing beam deformation are valid for small deflection 
only. Therefore, it is found that the error in analytical 
expressions increase at large out-of-plane deflections 
(~200 μm).  

Micromirror designs based on curved actuators have 
been proposed. Such micromirrors undergo very little 
center shift (~0.4 μm) during actuation and can achieve 2D 
scan using a single actuator. The present work can 
potentially be used for novel thermal, piezoelectric and 
SMA bimorph actuator designs. This work is supported by 
the National Science Foundation under award#0725598. 

 
5 FUTURE WORK 

 
The layout and fabrication of curved bimorphs is 

currently in progress. In future, the analysis outlined in this 
paper will be extended to include multimorphs of arbitrary 
shape. Possible applications of curved multimorphs will be 
identified. 
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