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ABSTRACT 

Research aimed at developing rigorous measures 
of mixing in microchannels is presented. We analyze the 
experimental data presented by Stroock et al, Science 2002 
by using Renyi entropies and multifractal dimensions.  Our 
analysis strongly supports the idea that the microchannel 
structures are self-similar (fractals).  
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1 INTRODUCTION 
 
Microfluidic systems operate in a pressure driven 

flow regime with no moving parts to drag the fluids. 
Mixing can be achieved in such devices by manipulating 
the geometry of the walls.  To design microchannels that 
are efficient mixers it is important to develop tools for 
rigorous assessment and mixing quantification. In previous 
work [1], we proposed to use Shannon and Renyi entropies 
for assessing mixing efficiency. To further our 
understanding of mixing, we have also characterized the 
geometric structures generated by the flow by using 
multifractal dimensions [2].  In this paper we illustrate the 
application of entropic and multifractal tools on mixing 
analysis for the published [3] images of mixing a 
fluorescent with a non-fluorescent fluid in a microchannel.  

 
2 THEORY: ENTROPY AND 
MULTIFRACTAL DIMENSIONS 

 
The Shannon [4] entropy S is the rigorous measure 

of mixing as it is uniquely determined from the Khinchin 
axioms [5]: it depends on the probability distribution p 
only; the lowest entropy corresponds to one of the p's being 
1, i.e. no mixing; the largest value for the entropy is 
achieved when all p's are equal to each other, i.e. perfect 
mixing; S is additive over partitions of the outcomes.   For 
an experiment with M outcomes the Shannon entropy is: 
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If the last Khinchin axiom is relaxed to consider 
only statistically independent partitions, Rényi [6] found 
that the information entropy is replaced by a one-variable 
function: 
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By tuning the parameter � one can focus on different 
aspects of mixing.   For 0 < � <<1 the focus is on empty 
regions while for � >> 1 the focus shifts to high density 
regions.  For � = 1 the Renyi entropy equals the Shannon 
entropy. 

Multifractals [7] are self-similar complex 
structures generated in natural processes such as diffusion 
limited aggregation.  They are characterized by a spectrum 
of dimensions d(β).  The multifractal dimensions are 
obtained from the linear dependence of the Renyi entropy 
S(β) on ln(M).  The slope equals d(β)/D, where D = 2 is the 
embedding dimension.  d(0) is the Hausdorff (fractal) 
dimension, d(1) is the information (Shannon) dimension 
and d(2) is the correlation dimension. 
 

3 IMAGE ANALYSIS 
 

We analyze the structures generated in the 
staggered herringbone mixer and reported by Stroock et al 

[3] in terms of their multifractal dimensions. The six 
images are converted to grayscale. Each pixel j has a gray 
scale value xj varying between 0, black, and 255, white. It is 
our working hypothesis that x measures the local 
concentration of the fluorescent (white) fluid. Renyi 
entropies are calculated for each image by substituting in 
Eq. (2) the probabilities computed using the readings from 
each pixel: 
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The dimensions are obtained from a multi-scale 

analysis of the pictures.   For each picture we considered 20 
scales of observation starting from 16,058 bins (number of 
pixels) and going down to 44 bins.  
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4 RESULTS 
 
In Figure 1 we show the Shannon entropy for the 

six slides presented in Strook et al [3], measuring the spatial 
distribution of the fluorescent (white) fluid.  We show on 
the same figure the entropies associated with the negatives 
of the slides, measuring the spatial distribution of the non-
fluorescent (black) fluid. The qualitative conclusion that 
mixing progresses from section 1 to 6 is confirmed 
quantitatively by the monotonic increase in entropy. 

 

FIGURE 1: Shannon Entropy versus section. Squares – 
non-fluorescent component; Circles – fluorescent 
component 

 
 
Figure 2 illustrates the linear dependence of 

entropy on the logarithm of the number of bins that is used 
to estimate the dimensions.  The high value of the Pearson 
correlation coefficient 0.99999 supports the hypothesis that 
the structure is self-similar (fractal).  Very similar results 
where obtained for all other section and � values. 

FIGURE 2: Entropy vs. ln(Number bins) 

 
In Figure 3 we show the fractal (Hausdorff), 

information (Shannon) and correlation dimensions for the 
six images of Ref.3. The Hausdorff dimension is practically 
constant at the value of 2.  For the other dimensions, the 
starting section has a dimension close to 2, since the 
rectangular section is half-filled with one fluid and half 
with the other fluid. The last section also shows a 
dimension close to 2, corresponding to a homogeneous 
configuration.  The dimensions are less than two for the 
intermediate sections, 2 through 5, in view of the less than 
perfect homogeneity exhibited.  The six sections are shown 
in Figure 4. 

 

 
 
FIGURE 3: Hausdorff, information and 
correlation dimensions vs. section 
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FIGURE 4: Slides 1 through 6 from Ref. 3.  We analyze 
these images using entropic and multifractal measures. 
 
 
 
 
 
 
 

 
 
The dependence of the multifractal dimension on section  
and β is summarized in Figure 5. 
 
 
 

 
 

FIGURE 5: Fractal dimensions vs sections and �. Left – 
fluorescent fluid structure; right – non-fluorescent fluid 
structure. 

 
 

5 DISCUSSION 
 

Our direct analysis of the experimental data from 
the staggered herringbone mixer [3] demonstrates the 
adaptability of the entropy and multifractal dimensions to 
both simulations [1] and experiments analyzed via image 
processing.  Future calibration work is needed to study the 
influence of the type of image file (.bmp, .jpeg, .tif) on the 
estimated fractal and entropic measures.   

 
 

REFERENCES 
 

[1] Camesasca M., Manas-Zloczower I, Kaufman M., 
J. Micromech. Microeng. 15, 2038-2044 (2005). 

[2] Camesasca M., Kaufman M, Manas-Zloczower I, 
AICHE Conference Proceedings, Cincinnati, 
(2005). 

[3] Stroock A.D., Dertinger S.K.W., Ajdari A., Mezic 
I., Stone H.A., Whitesides G.M., Science 295 647–
651 (2002) 

[4] Weaver W., Shannon C. E. The Mathematical 
Theory of Communication, Univ. of Illinois Press 
(1963). 

[5] Khinchin A. I., Mathematical Foundations of 
Information Theory, Dover Publications (1957).  

[6] Rényi A, Theory of Probability North Holland 
(1960) 

[7] Grassberger P, Procaccia I. Physica D 13, 34-54 
(1984). 

 
 

 

NSTI-Nanotech 2006, www.nsti.org, ISBN 0-9767985-7-3 Vol. 2, 2006580


	280.pdf
	2. МATERIALS AND METHODS
	3.1. Principle of CPM
	REFERENCES



	373.pdf
	CONCLUSION
	REFERENCES

	771.pdf
	Preliminary cytotoxic effects of application of an AC magnetic field were obtained in CaCo-2 cell media in contact with 0.15 mg/ml of magnetite/crosslinked dextran nanoparticles.  A decrease in cell culture viability of about 60 % was found upon the application of an AC magnetic field at 3.0 kA/m and 1.0 kHz for about 45 minutes. 

	546.pdf
	3. CONCLUSIONS

	825.pdf
	 
	Each step of the bioactive functionalization was confirmed by a novel CBQCA (3-4-carboxybenzoyl quinoline-2-carboxaldehyde) fluorescence method (3). CBQCA is inherently a non-fluorescent molecule but fluoresces well when attached to amine groups that arise from the aminated surfaces and the amines from bioactive group moieties.   

	1030.pdf
	ABSTRACT
	Acknowledgements
	References


	342.pdf
	ABSTRACT
	4  CONCLUSIONS
	 
	 
	Figure 4: UV-VIS spectra of silver colloidal solution mixed with bacteria.
	 
	Figure 5: Time evolution of the major SERS peak.
	 
	Figure 7A: Tapping mode AFM image of a roughened silver surface after the landing of crystal violet molecules and subsequent thorough washing. 
	 
	Figure 7B: Flattened view of the tapping mode AFM image of the same surface shown above.
	 
	5  REFERENCES
	[
	[
	[
	[
	[
	[
	[


	228.pdf
	A
	ABSTRACT
	INTRODUCTION
	RULE BASED MODELING
	CELLULAR COMMUNICATION
	CHEMICAL  SIGNALING
	CONCLUSION
	REFERENCE

	658.pdf
	INTRODUCTION
	MATERIAL AND METHODS
	The phytoplankton
	The nutrients
	The system

	RESULTS AND DISCUTION
	CONCLUSIONS AND PRESPECTIVES
	REFERENCES

	215.pdf
	Self-Assembled Soft Nanomaterials from Renewable Resources 
	 
	 
	ABSTRACT 
	 
	Keywords: organic soft materials, amphiphiles, self-assembly, lipid nanotube, renewable resources. 
	3   RESULTS AND DISCUSSION 





	281.pdf
	Introduction
	Figure 2: Fig 1(a) shows a TEM image of lath-like single cry

	705.pdf
	Demonstrative Applications of the Infusion Process
	3.1 Anti-Fouling and Release Applications
	3.2 Enhanced Interfacial Bonding and Adhesion
	3.6 Flexible Broad band Radiation Absorbing materials

	633.pdf
	1. INTRODUCTION
	2. TECHNOLOGY & PRODUCTS
	3. APPLICATIONS
	4.  CONCLUSIONS

	995.pdf
	Electrochemical Synthesis of Polyaniline




