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ABSTRACT

We present here a novel multiscale modelling ap-
proach to investigate the conditions for atomic clus-
ter self-organization on atomically flat substrates during
epitaxial deposition processes. A phase field model is de-
veloped for the free energy of the system, which includes
short-range as well as long-range elastic interactions be-
tween deposited atoms and atom clusters. The effects of
externally applied periodic strain fields through the sub-
strate are also investigated. At very low atomic cover-
age, a Kinetic Monte Carlo method is used to determine
the nucleation conditions for atomic clusters forming on
surfaces with periodic strain fields.

Keywords: multiscale modelling, atomic clusters, ki-
netic Monte Carlo, adatom interactions, self-organization

1 Introduction

Self organization of surface atomic clusters, which is
an important aspect of future photonic and electronic
devices, is driven by natural instabilities in reaction-
diffusion kinetics, and by periodic external force fields.
Examples are periodic fields generated by an interfa-
cial dislocation array[1] or by a surface laser field[2]. In
the present approach, we present a statistical mechan-
ics model to describe the dynamics of deposited adatoms
clustering and the formation of spontaneously ordered
structures. The model builds on Suo’s approach [3],
and is an extension of Walgraef’s model [4]. Specifi-
cally, we include the effects of external elastic fields and
long-range interactions between adatom clusters. In ad-
dition to the continuum approach, we investigate the
mechanism of clustering at the atomic scale using the
Kinetic Monte Carlo method. Comparison and connec-
tions between these two methods are discussed in the
last section.

2 Phase Field Modelling

2.1 Theoretical Model

We divide a macroscopic surface area into a set of
mesoscopic cells and write the partition function Z(i)

using the number of substrate sites (N (i)
S ) and the num-

ber of adsorbates within the cell (N (i)
A ) in each ith meso-

scopic cell. By applying the mean field approximation
and Sterling’s formula, we obtain the total free energy of
a system in a form similar to reference [4]. In the present
case, the interaction between individual adatoms and
the substrate is ignored and the atomic cluster is con-
sidered as the parts of the substrate surface to store
the elastic energy generated by the external strain field.
Thus the energy per ith atom (W i

S) is approximated as:
W i

S = τ · ε(ext)a2 , where εext = ε − ε(0) is the external
strain field applied in the substrate and a is the lattice
constant [5]. The dynamic equation for surface atoms
based on the conservation of the adsorption (α) and des-
orption rates (β) and atomic mass current ( �J) can be
written as:

∂tc =
1

α + β
(c0 − c)

+�∇ ·
{

D

kBT
�∇

[
εextτ + kBT ln

(
c

1 − c

)

−ε0c − ξ2
0∇2c

]}
(1)

where ε0 = −∑
j εij and ξ2

0 = γεa2, in which γ is the
lattice coordination number, ε is the pair interaction en-
ergy, a is the lattice constant and positive sign of energy
is for attractive interactions.

2.2 Numerical Solution

A Fourier-spectral method is adopted to numerically
solve equation (1) with periodic boundary conditions
[6]. The 1st order ordinary differential equation (ODE)
in Fourier space is solved by the DVODE package with
fixed-leading-coefficient implementation [7]. Figure (1)
shows a numerical solution for the case of Si layers de-
posited on a periodically strained surface subjected to a
1-D sinusoidal strain field over the substrate (εmax =
0.05), in which we choose aSi = 5.4 Å, τ ≈ 0.02 s,
ε0 ≈ 0.22 eV, at temperature T = 400 K and the mean
coverage of 0.2. Figure (2) shows the same situation
but in a 2-D case. In Figure (3), we calculated a sur-
face quantum dot pattern on the 80 nm SiGe buffer
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layer with two perpendicular interface dislocations un-
derneath. The uniform coverage is 0.15. The alignments
of Ge dots and the existence of corresponding denuded
zones are consistent with the experiments of Kim et al.
[1] which validate the present approach.
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Figure 1: Numerical solution for the dynamic model
with a 4-period sinusoidal external field. The initial con-
ditions are small perturbations around the mean concen-
tration. Concentration profiles are shown for the case
with (red solid lines) and without (blue dashed lines) a
periodic external field.
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Figure 2: 2-D numerical solution for the same conditions
as Fig.(1).

Figure 3: Numerical results for the model with two per-
pendicular interfacial dislocations underneath a 80 nm
SiGe buffer layer. A grid of 128 × 128 is used.

3 Atomistic Modelling

3.1 Island Diffusion Kinetics

Our investigation shows that atomic island diffusion
is mostly affected by the elastic field, causing sponta-
neous self-organization. In order to consider the strain
effect on biased cluster diffusion, a simple model similar
to the one proposed by Mattson et al. [8] is adopted.
We consider an island fixed on the surface and calculate
the binding energy for different island sizes. Here differ-
ent from the metal-on-metal epitaxy in Mattson’s work,
the Modified Embedded Atom Methods (MEAM) for a
Si surface is used[9]. By fitting the MEAM potential, we
obtain the change on binding energy (E(i)

bc ) of a static
island with size N and strain fields εx(x, z), εz(x, z) in
a 3rd order polynomial function:

E
(i)
bc (N, ε) ≈ (

0.02N3 − 0.68N2 + 29.55N − 72.56
)

· [εx (x, z) + εz (x, z)] (2)

where the energy is in the unit of eV. The energy barrier
of an island on a strained surface can be written as:

E(i)
a = E

(i)
a0 (N)

+E
(i)
bc (N, ε (x, y)) − E

(i)
bc (N, ε (x, y)) (3)

where E
(i)
a0 is the activation energy of the island without

a strain field[10]. Here, we assume that the semiconduc-
tor surface has a fixed value: E

(i)
b0 ≈ 0.79 eV.

To obtain the probability of island diffusion “events”,
an opposite thinking as Shöll did in his paper is applied.
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First, From “random cluster scaling theory”(RCST), the
following relationship is used for the diffusion coefficient
of island diffusion D(i)[11]:

D(i) ∼ N−3/2e−E(i)
a /kBT (4)

If the random walk is uncorrelated, we can also have:

D(i) ∝ 〈νh〉
〈
δd2

c.m.

〉
(5)

where 〈νh〉 is the jump rate for island diffusion;
〈
δd2

c.m.

〉
is the mean-square displacement of the island mass cen-
ter per events. In our model, every jump distance is
assumed to be fixed that:

〈
δd2

c.m.

〉
= const. (6)

Obviously, we have:

〈νh〉 = ν0N
−3/2e−E(i)

a /kBT (7)

We choose the rate constant as: ν0 = 1013 sec−1.
The evaporation process in an island is simulated by
the chemical kinetics analysis see [12], [13]. Based on the
fact that the evaporation is a first-order rate process, we
adopt the following relation as the following:

p (t) dt = kedt exp [−ket] (8)

Here, p(t)dt is the probability that an island with size
N will emit one atom at a time between t and t + dt.
ke is the evaporation rate constant and is dependent on
the size N and temperature T with the form of:

ke = A exp [−Ee/kBT ]N1/2 exp
[
B

/
N1/2

]
(9)

where A, B and Ee are constants and set to be: when
T < 650K, A = 0.063, B = 4.07; when 650 K < T <
950K, A = 0.051, B = 4.87; when T > 950K, A =
0.086, B = 4.55.

3.2 KMC Simulation Results

Our simulation follows a standard Kinetic Monte Carlo
method on 350 × 350 nm2 surface area. Two infinitely
long straight dislocation lines are buried 80nm under-
neath the surface at x = 250 nm and z = 250 nm, re-
spectively. Figure 4 shows the diffusion process of 500
atoms on the top of the surface at a temperature of
650◦C. The background contours are the strain field im-
posed by the interfacial dislocation network. The white
dot denote the atoms. The clusters of adatoms which
contain more than 6 atoms are declared by the block
arrows pointing to the nearest spot.

It is clear that by introducing island diffusion, the
Ge atom clusters tend to migrate toward the maximum
compression area on the Si/SiGe/Ge surface, even though
the external strain field is weak at the surface. It is
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Figure 4: KMC simulation for 500 atoms on surface at
650◦C after 0.033 sec

consistent with the expectation made in the above sub-
section. Due to the emission effect, there always exists
single atoms at the same time.

Figure 5 compares the average mean square displace-
ment between an atom diffusion only model and atom-
cluster diffusion model. The atom-cluster coupling diffu-
sion model shows a higher mobility and diffusion length
and much lower island density. This indicates the self
organization effects during the diffusion are taking place.
This can also explain why experimentally quantum dots
nucleate at places which have a larger distance than the
average diffusion length of single atoms [14], [1]. It has
been seen that the key role in the simulation is the island
diffusion process. Our MEAM calculation shows that in
semiconductor system, the self-organization effect tends
to be stronger than in metallic systems.

We also compared the diffusion processes at three dif-
ferent temperatures. The results are shown in Figure 6,
7. It can be concluded that higher the temperature can
equilibrate the atoms much quicker. Also it reveals that
the atom emission process from islands just provides a
fluctuation effect and has no remarkable influence on
the whole process, which means ignoring the evapora-
tion effect is a reasonable approximation as Bogicevic et
al. did[15].

4 Conclusions

With the multiscale modeling of self-organized sur-
face atomic clusters presented above, we conclude that
a weak external period strain field have a significant ef-
fect on self-organized surface adatom clusters, especially
in the low coverage case. The clusters are formed in
the compressive stress region. With the comparison of
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Figure 5: The comparison of average mean square
displacement of atom-diffusion-only model and
atom/cluster-diffusion model
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Figure 6: Comparison of distance from the zero point in
each cell at three different temperatures
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Figure 7: The comparison of Ge island density at three
different temperatures

the experimental data, it confirms that the macroscopic
elastic theory is valid in evaluating the interaction en-
ergy between microscopic adatoms and substrates. We
also find that island diffusion plays a dominant role in
the early stage of the quantum dot nucleation.
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