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Abstract

We study coherent oscillations of radial breathing
modes in metal nanoparticles with a dielectric core. Vi-
brational modes are impulsively excited by a rapid heat-
ing of the particle lattice that occurs after laser excita-
tion, while the energy transfer to a surrounding dielec-
tric leads to a damping of the oscillations. In nanoshells,
the presence of two metal surfaces leads to a substan-
tially different energy spectrum of acoustic vibrations.
The lowest and first excited modes correspond to in-
phase (n=0) and out-of-phase (n=1) contractions of shell-
core and shell-matrix interfaces respectively. We cal-
culated the energy spectrum as well as the damping of
nanoshell vibrational modes in the presence of surround-
ing medium, and found that the size-dependences of in-
phase and anti-phase modes are different. At the same
time, the oscillator strength of the symmetric mode is
larger than that in solid nanoparticles leading to stronger
oscillations in thin nanoshells.
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1 INTRODUCTION

Acoustic vibrational modes in nanoparticles are im-
pulsively excited by a rapid heating of the lattice that
takes place after laser excitation. After initial period of
rapid expansion, a nanoparticle undergoes radial con-
tractions and expansions around the new equilibrium.
The periodic change in nanoparticle volume translates
into a modulation in time of the surface plasmon reso-
nance (SPR) energy that dominates nanoparticle opti-
cal absorption spectrum. The spectrum of vibrational
modes manifests itself via coherent oscillations of differ-
ential transmission at SPR energy measured using ultra-
fast pump-probe spectroscopy [1], [2]. Since the size of
laser spot is usually much larger than nanoparticle diam-
eter, the initial expansion is homogeneous so that pre-
dominantly the fundamental (n = 0) breathing mode,
corresponding to oscillations of nanoparticle volume as
a whole, is excited. The lowest excited (n = 1) mode has
weaker oscillator strength (≈ 1/4 of that for n = 0), and
has also been recently observed [3]. When nanoparticle
is embedded in a dielectric medium, the oscillations are

damped due to the transfer of latice energy to acoustic
waves in surrounding dielectric. In solid particles, the
size dependences of eigenmodes energy and decay rate
are similar – both are inversely proportional to nanopar-
ticle radius [4].

Here we study the vibrartional modes of metal nanoshells.
These recently manufactured metal particles with di-
electric core [5] attracted much interest due to unique
tunability of their optical properties. By varying the
shell thickness during the manufacturing process, the
SPR can be tuned in a wide energy interval [6]. Re-
cent pump-probe measurements of vibrational modes
dynamics in gold nanoshells submerged in water revealed
characteristic oscillation pattern of differential trans-
mission. However, the oscillations period and ampli-
tude as well as their damping were significantly larger
than those for solid nanoparticles. We perform detailed
analysis of energy spectrum of lowest vibrational modes
of a nanoshell in a dielectric medium. We find that
the modes eigenenergies exhibit a strong dependence on
nanoshell aspect ratio, κ = R1/R2, where R1 and R2

are inner and outer radii, respectively. Specifically, for
thin nanoshells, the fundamental mode energy is consir-
erably lower than for solid particles while the damping
is significantly larger. At the same time, in the thin shell
limit, the fundamental mode carries the entire oscillator
strength which results in an enhanced oscillations am-
plitude as compared to solid particles. The analysis also
reveals two regimes, where the spectrum is dominated
by nanoslell geometry or by surrounding medium, with
a sharp crossover governed by the interplay between as-
pect ratio and impendance.

2 SPECTRUM OF VIBRATIONAL
MODES FOR A NANOSHELL

We consider radial normal modes of a spherical nanoshell
with dielectric core extending up to inner radius R1 in a
dielectric medium over outer radius R2. The core, shell,
and medium are characterized by densities ρ(i) longitu-
dinal and tranverse sound velicities c

(i)
L,T with i = c, s, m,

respectively. The radial displacement u(r) is determined
from the Helmholtz equation (at zero angular momen-
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tum) [7]

u′′ +
2u′

r
+ k2u = 0, (1)

where k = ω/cL is the wave-vector with the boundary
conditions that the displacement u and the radial com-
ponent of stress tensor,

σ = ρ
[
c2
Lu′ + (c2

L − 2c2
T )

2u

r

]
, (2)

are continuous at core/shell and shell/medium inter-
faces. In the three regions divided by shell boundaries,
the solution has the form

u(c) ∼ ∂

∂r

sin k(c)r

r
, u(s) ∼ ∂

∂r

sin(k(s)r + φ)
r

,

u(m) ∼ ∂

∂r

eik(m)r

r
, (3)

where φ is the phase mismatch. The corresponding
eigenenergies are, in general, complex due to energy
transfer to outgoing wave in the surrounding medium.
Matching u(r) and σ(r) at r = R1, R2, we obtain the
following equations for eigenvalues ξ = kR2

ξ2

ξ cot(ξ + ϕ) − 1
+

ηmξ2

1 + iξ/αm
+ χm = 0,

ξ2κ2

ξκ cot(ξκ + ϕ) − 1
− ηcξ

2κ2

(ξκ/αc) cot(ξκ/αc) − 1
+χc = 0, (4)

where κ = R1/R2 is nanoshell aspect ratio and the pa-
rameters

αi = ci
L/c

(s)
L , ηi = ρ(i)/ρ(s), χi = 4(β2

s − ηiδ
2
i )

βi = c
(i)
T /c

(i)
L , δi = c

(i)
T /c

(s)
L . (5)

characterize the metal/dielectric interfaces. For the ideal
case of free boundary conditions, we have αc = ηm =
ηc = 0 and χc = χm = 4β2

s . For a thin nanoshell,
1− κ � 1, we then easily recover the known expression
for the fundamental mode

ξ0 = 2βs

√
3 − 4β2

s . (6)

The eigenvalue is purely real since no energy leaks through
the interface.

In the realistic case of a nanoshell in a medium, the
following simplification occurs. The initial laser pulse
causes rapid expansion of both dielectric core and metal
shell. However, due to a larger value of the metal ther-
mal expansion coefficient, the shell expands to a greater
extend than the core, so at the new equilibrium the core
and the shell are, in fact, no longer in contact. In this
case, the boundary conditions at he core/shell interface
should be taken as stress free. For a thin nanoshell,
1 − κ � 1, Eqs. (4) are then reduced to

λc

[
λm − λc +

αmηmξ2

αm − iξ

]
= (1 − κ)

×
[(

λm +
αmηmξ2

αm − iξ

)
ξ2
0 − λcξ

2

]
. (7)

Typically, the metal density of the shell is much large
that that of the sorrounding dielectric, i.e., the parame-
ter ηm is small. For ηm � 1, using χm−χc = −4ηmα2

mβ2
m

and χm/χc = 1 − ηmβ2
m, we obtain

x2 − 1 + ηmβm =
αmηm

ξ0(1 − κ)

[
4αmβ2

m

ξ0
− x2

αm/ξ0 − ix

]
,

(8)
where x = ξ/ξ0. It can be easily seen that there are two
regimes governed by the parameter

λ =
αmηm

ξ0(1 − κ)
. (9)

For a very thin nanoshell, λ � 1, the lowest eigenvalue
is given by

ξ � αmβm − i
ηmαmβ2

m

ξ0
. (10)

In this regime, the energy and damping are comptetely
determined by the surrounding medium and do not de-
pend on nanoshell geometry. Note that if the transverse
sound speed of the medium is zero (e. g., for water),
then both energy and the decay rate vanish. In the op-
posite case, λ � 1, the solution can be obtained as

ω ≈ cLξ0

R2

(
1 +

α2
mηm

2ξ2
0(1 − κ)

[
4β2

m − 1
(αm/ξ0)2 + 1

])
,

γ ≈ cLα2
mηm

2ξ0(1 − κ)(α2
m/ξ2

0 + 1)R2
. (11)

In this case, the spectrum is mostly dominated by nanoshell
geometry. Note that in typical experimental situations,
the parameter λ is small, and with a good approxima-
tion, ξ � ξ0, which is considerably lower that the funda-
mental mode energy for solid particles, and it depends
only weakly on aspect ratio.. At the same time, the
damping rate γ is very sensitive to aspect ratio κ and is
considerably higher than that for solid particles.

3 DISCUSSION

Here we present the results of our numerical calcu-
lations of vibrational mode spectrum for Au nanoshells
in water. In Figs. 1 and 2 we show the energies and
damping rates for fundamental (n = 0) and first ex-
cited (n = 1) modes. For fundamental mode, the en-
ergy decreases with increasing aspect ratio and, for thin
nanoshells, is considerably lower that for nanoparticles,
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Figure 1: Spectrum for fundamental breathing radial
mode in gold nanoshell versus its aspect ratio R1/R2.
(a) Solid line: eigenfrequency versus R1/R2 in the model
with free inner boundary and ideal contact between
outer shell and matrix. Dashed line: eigenfrequency
in the model with free boundaries. (b) Solid line: nor-
malized damping rate versus aspect ratio. Longitudinal
sound speed in gold cL = 3240 m/s, transverse sound
speed cT = 1200 m/s, the density of gold ρ = 19700
kg/m3. Surrounding matrix is water with cL= 1490
m/s and cT = 0, ρ = 1000 kg/m3.

while the damping rate experiences a rapid increase as
nanoshell becomes thiner. The sharp crossover for very
thin nanoshells corresponds to the transition between
geometry and medium dominated regimes, as discussed
above. Note that for water (cT = 0) both energy and
damping rate vanish in the thin shell limit. In contrast,
for n = 1 mode, no such transition takes place, and both
energy and damping rate increase with aspect ratio.

Let as now turn to the relative contributions of fun-
damental and excited modes to the pump-probe signal.
Since the intial rapid expansion of nanoshell is homoge-
neous, the oscillator strength of fundamental (symmet-
ric) mode is expected to be larger than that of n = 1
(antisymmetric) mode. The expression for oscillator
strength of nth mode has the form

Cn =
R−1

2

∫
r Un(r)dV

V 1/2
[∫

U2
n(r)dV

]1/2
. (12)

In Fig. 3 we show calculated oscillator strengths for
n = 0 and n = 1 modes versus aspect ratio. In contrast

Figure 2: Spectrum for n = 1 radial mode in gold
nanoshell versus its aspect ratio R1/R2. (a) Eigenfre-
quency calculated with free inner boundary and ideal
contact between outer shell and matrix. (b) Normalized
damping rate versus aspect ratio.

to solid particles, where the relative strengths of two
modes is constant, C1/C0 = 1/4, here C1 vanishes in
the κ = 1 limit, while C0 reaches it maximal value,
C0 = 1. Thus, in thin nanoshells, the fundamental mode
carries almost entire oscillator strength. As a result, in
nanoshells, excitation of the fundamental mode should
result in a greater amplitude of oscillations as compared
to solid particles while the n = 1 should be practically
undetectable.

Figure 3: Oscillator strengths for symmetric (solid line)
and antisymmetric (dashed line) breathing modes of
nanoshell versus nanoshell aspect ratio R1/R2. At R1 =
0 oscillator strength coincide with one for nanoparticle.
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