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ABSTRACT

This paper presents the theory behind the develop-
ment of a computer representation of symbolic expres-
sions suitable for use in finite element analysis. This
representation is used to replace standard floating-point
calculations so that the result of the analysis, instead
of being a numeric result, is an equation relating the
design variables to system behaviour. Representations
based on rational multivariate polynomials and ratio-
nal multivariate orthogonal polynomials are discussed.
Some preliminary results on the accuracy of our initial
implementations are presented.
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1 INTRODUCTION

When analytical methods fail, scientists and engi-
neers often turn to numerical methods [1], [2]. Although
numerical methods can only approximate a solution, the
great speeds of modern computers can make the errors
due to the approximations very small. In particular,
finite element analysis (FEA) can provide predictions
that would be far too difficult to obtain in other ways.
Still, although numerical results can be valuable, close-
form solutions are preferable.

The importance of numerical methods to finite ele-
ment analysis is so great that FEA is always assumed to
be numerical. This, however, is not the case. FEA can
also be used to generate symbolic results; these results
are mathematical expressions. For example, FEA can
provide an excellent approach for deriving the formu-
las expressing force/displacement relations in structural
systems. The mathematical tools provided by finite ele-
ments methods and by numerical methods can be used
independently.

Despite the focus on numerical methods, symbolic
methods do play a role in FEA. Symbolic methods are
used to derive stiffness matrices, element matrices, and
even entire finite element formulations [3]–[5]. However,
once the stiffness matrix for a problem has been con-
structed, the next step is almost always numerical. For
example, in a force-displacement analysis, the stiffness
matrix needs to be inverted to obtain the solution. The

matrix inversion is much easier when done numerically
due to symbolic growth.

Symbolic computation software (SCS) is well devel-
oped, and used in many different types of applications.
However, it cannot be used directly in solving finite el-
ement problems. Exponential symbolic growth limits
näıve implementations of symbolic finite element analy-
sis to a very small number1 of degrees of freedom.

In this paper, we will present a method of perform-
ing finite element analysis using a symbolic kernel. The
representation of numbers used in analysis is symbolic
expressions instead of floating-point numbers. Unlike
standard finite element analysis, the end product of
symbolic finite element analysis is an equation [6].

We have developed a number of methods of mea-
suring and limiting symbolic growth. We can thus use
finite element methods to determine equations capable
of predicting system parameters based on the design pa-
rameters. This allows us to perform symbolic FEA on
much larger systems then otherwise possible.

Although the symbolic FEA does require more com-
putational effort, the results of symbolic FEA are also
considerably more useful. With the results in hand, de-
sign parameters can be changed and the results of the
analysis computed with minimal effort. This situation
contrasts sharply with traditional FEA methods, which
requires the entire analysis to be repeated in its entirety.

Such equations have many uses. In particular, they
could speed multiple evaluations of similar models. This
would aid many important types of analysis, such as
probabilistic design studies (PDS), design optimization
(DO) problems, and reduced order modeling (ROM).

2 KERNEL DEVELOPMENT

The key idea behind symbolic finite element analysis
(SFEA) is to replace the field2 used to perform calcula-
tions from real numbers to equations. For the computer
implementation, the elements of the chosen field must
have some representation in memory, and algorithms for
the various mathematical operations. We refer to a par-

1The limit is around 25 degrees of freedom.
2A field is an algebraic structure in which the operations of

addition, subtraction, multiplication, and division (except division
by zero) may be performed. Other requirements are also present.
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ticular representation of a field, and the necessary algo-
rithms, as a kernel. SFEA thus means replacing the use
of a kernel based on floating-point numbers with a kernel
based on data structures that represent equations.

As previously mentioned, standard SCS is not a good
choice for the kernel. With each operation, the complex-
ity of the symbolic representations grows. The analysis
thus quickly bogs down in manipulating huge equations.
This places a severe limit on the size of FEA problems
that can be handled with this approach.

Polynomials do not form a field3. However, they do
form a good illustration for how symbolic growth oc-
curs. When a polynomial of a single variable of degree
n is multiplied by another polynomial of degree m, the
resulting polynomial will have degree n + m. Thus, as
the analysis progresses, the polynomials require increas-
ing amounts of memory and time to manage.

However, the above growth is not limited to polyno-
mials, but also applies to floating-point numbers. When
a floating-point number with n digits is multiplied by
another number with m digits, the result has n + m
digits. Fortunately, computers silently truncate the re-
sults back to a fixed upper bound. Thus, as calculations
progress, the size of the floating-point representations is
fixed, and runaway growth is avoided. We thus set out
to develop analogous techniques applicable to the equa-
tions used in FEA.

A key observation in our development of new kernels
for SFEA was that the elements of the system matri-
ces in most FEA problems were rational multivariate
polynomials. Rational polynomials, unlike simple poly-
nomials, form a mathematical field, and thus form a
very good representation for our kernel. If the growth
of the polynomials in both the numerator and denomina-
tor can be limited to a fixed bound, rational polynomials
would then be eligible for use as a kernel. Further, the
algorithms for mathematical operations are very simple.

2.1 Non-dimensional Finite-element
Formulations

In general, one can not determine which term of a
polynomial, numerically, is most significant, and which
is least significant. However, if the variables’ ranges are
fixed to [0, 1), then an ordering is possible. Terms of
higher degree are less significant. The terms in poly-
nomials, including multivariate polynomials, can thus
be ordered by degree, and terms that exceed a certain
threshold truncated.

Some types of finite-element formulations can be re-
cast into a nearly non-dimensional form, where the local
stiffness matrix, and therefore the global stiffness ma-
trix, consists of only non-dimensional variables in the

3Since, in general, polynomial division does not result in an-
other polynomial.
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Figure 1: Plot of the first 5 Legendre polynomials over
the range zero to one. The polynomials can be identified
by the number of extrema they possess.

range [0, 1). Once this is done, polynomial truncation
based on degree is possible.

This approach is still rather simplistic, and is not
particularly robust, and can be improved in a number
of ways. For example, many variables will have ranges
even smaller than [0, 1), and many terms will have large
coefficients. Thus, truncation algorithms based on the
terms’ maximum values are perhaps more accurate.

However, this approach is limited in two fundamental
ways:

• The accuracy is very dependent on the actual val-
ues that the variables take. Mainly, since 1n is
still one for any value of n, truncation can become
questionable.

• Not all FEA problems can be formulated in a non-
dimensional form with variables fixed to the range
[0, 1).

The above two limitations are addressed by moving
to a more generic framework, which is outlined in the
following section. However, the kernel described above
may still be useful. A kernel based on a monomial rep-
resentation of polynomials is significantly simpler than
a kernel based on orthogonal polynomials, and should
be speedier as well.

2.2 Multivariate Orthogonal
Polynomials

Multivariate orthogonal polynomials (MOPs) [7] are
an extension of standard orthogonal polynomials4 to the
multivariate case.

The main advantage of MOPs as a basis for the ker-
nel, instead of the monomial terms just discussed, is that
the orthogonal polynomials are more strictly ordered.
Polynomials of higher degree capture finer details of the
true function’s shape (figure 2.2).

4Familiar cases of orthogonal polynomials are the Lagrange
polynomials, Leguerre polynomials, Jacobi, Hermite, etc.
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Case No. of Elements No. of Nodes DOF
Case 1 1 4 4
Case 2 3 8 12
Case 3 5 12 20
Case 4 30 62 120

Table 1: Summary of the four structural finite-element
problems attempted. Each case run numerically, with
Gaussian elimination and rational polynomials, with
the Faddeev-Leverrier method and rational polynomi-
als, and with the Faddeev-Leverrier method and rational
orthogonal polynomials.

For multivariate polynomials, there will be multiple
polynomials of a given degree, and these cannot be or-
dered. Thus, one can not arbitrarily set the number
of polynomials in the basis. This limits the granular-
ity over which the accuracy is controlled. However,
the trade-off is a more robust framework for polynomial
truncation.

The number of polynomials in the basis can be cal-
culated using the following formuli:

Cn,ν =
(

n + ν − 1
n

)
(1)

Sn,ν =
n∑

i=0

Ci,ν (2)

In equation 1, Cn,ν is the number of multivariate
orthogonal polynomials of degree n when there are ν
variables5.

To find the number of terms necessary to complete a
basis up to degree n, all the polynomials of degree n or
lower must be included. This leads to equation 2, which
is the total number of polynomials that will form the
basis.

3 RESULTS

We performed a number of small SFEA problems
to test polynomial and orthogonal polynomial kernels.
Four simple structural finite element problems using
two-dimensional linear quad elements was performed
(table 3). All four of these cases were run multiple
times. First, they were run using numerical techniques
to provide a baseline answer. They were then run using
different kernels.

The simplest kernel tested was based on rational
polynomials over Poisson’s ratio, ν, with simple trunca-
tion based on degree 30. When using Gaussian elimina-
tion to invert the stiffness matrix, this kernel performed
very poorly, and had inaccurate results even for Case 1.

5Equation 1 also applies to monomials of degree n when there
are ν variables.
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Figure 2: Displacement along ’X’-axis as a function of
Poisson’s ratio.

A different solution method, Faddeev-Leverrier [8],
marginally improved the performance of this kernel.

The rational polynomial kernel was programmed us-
ing integer coefficients for the polynomials. Unfortu-
nately, this led to overflow, as the polynomial coeffi-
cients become very large. A number of simple solutions
were tried, but they were either ineffective at prevent-
ing overflow, or led to other numerical problems. We
plan to rerun these using floating-point values for the
coefficients.

The four FEA problems were also run using rational
orthogonal polynomials of degree 5. These performed
better, but were still far from acceptable. Case 3 com-
pleted, but did agree well with the numeric results (fig-
ures 3 and 3). Case 4 was also attempted, but was
stopped prematurely because it was very slow compared
to the other cases.

The current implementation of the algorithm for
multiplying to orthogonal polynomials takes time pro-
portional to O(n3), where n is the number of polyno-
mials forming the basis. This is clearly an unacceptable
scaling law, especially since we will want to increase the
size of the basis. This is not only to increase accuracy, as
indicated by Case 3, but also to include additional vari-
ables. We believe that an algorithm with time O(n2) is
possible, but we have not yet completed the implemen-
tation.

As it currently stands, the performance penalty of
using symbolic methods is many orders of magnitude
when compared to numeric methods. This does not
completely preclude the usefulness of symbolic meth-
ods, but clearly at current speeds numeric methods will
still be preferred for PDS and DO. We believe that the
performance penalty needs to be reduced to one or two
orders of magnitude to be competitive in these applica-
tions.
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Figure 3: Displacement along ’Y’-axis as a function of
Poisson’s ratio.

4 CONCLUSION

Symbolic methods could potentially speed up impor-
tant types of finite element analysis. By expending extra
effort up front to derive symbolic expressions, further fi-
nite element analysis can be avoided. Finite element
analysis need not be entirely numerical.

However, much work remains before SFEA can be-
come widespread. In particular, the speed and scalabil-
ity of the kernel must be improved.
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