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ABSTRACT

The present work deals with the optimization of a
compliant force amplifier mechanism in a surface mi-
cromachined resonant accelerometer. Figures of merit
including noise floor and scale factor are critically de-
pendent on the gain of the force amplifier mechanism
and hence optimization of the force amplifier mecha-
nism is necessary. The optimization is constrained by
limitations imposed by the process and the device ge-
ometry.

The force amplifier mechanisms in this work are ini-
tially designed using continuum topology optimization.
The results of topology optimization are seen to de-
pend strongly on the size of the design domain, output
and input stiffnesses and boundary conditions. The re-
sults of topology optimization are converted to beam
element models that are used for a further shape and
size optimization. Single-stage force amplification fac-
tors greater than 100 are obtained from the results of
the optimization process.

Keywords: Topology, shape and size optimization,
compliant amplifier, surface micromachining, resonant
accelerometers.

1 Introduction

Resonant sensing principles have been applied to mi-
cromachined accelerometers [1] and gyroscopes [2]. These
devices operate by a coupling a force acting on a proof
mass (due to either an external acceleration or rotation
rate) onto resonating force sensors. The output of these
devices is then measured as a frequency shift of these
resonant force sensors in response to the measured force.
The scale factor of the devices is directly proportional to
the force coupled onto the resonant sensors and hence
amplification of the force to be measured before cou-
pling onto the resonant sensors is desirable. This work
examines the design of a compliant force leverage mech-
anism and the trade-offs imposed by technological and
design constraints.

The accelerometer consists of a proof mass coupled to
two resonant force sensors through a compliant leverage
mechanism. A first generation surface micromachined

device was limited to a force amplification factor of ap-
proximately 9, a noise floor of 40 µg/

√
Hz and a scale

factor of 17 Hz/g [1]. This work aims to investigate the
design of a force amplifier that would allow for an im-
provement upon these numbers by an increase in force
amplification by a factor of at least 10x.

In recent years, several different optimization schemes
combined with finite element modelling have been used
to obtain optimized designs of compliant mechanisms
[3]. Optimized compliant microleverage cantilever mech-
anisms in [4] have been demonstrated. The idea in the
present work is to open up the design space for designing
amplifier mechanisms in resonant accelerometers and
not be simply restrict the designs to cantilever ampli-
fier mechanisms.

2 The force amplifier

Figure 1 A shows a schematic drawing of the resonant
accelerometer given by [1]. The resonant accelerometer
has been implemented in a polysilicon surface microma-
chining process as described in [1].

Figure 1 B shows the design domain Ω for one of
the four amplifiers in the resonant accelerometer. The
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Figure 1: A; The resonant accelerometer. B; The
subsystem containing the complaint amplifier mecha-
nism. The spring stiffness Kin and Kout model the
stiffness of the resonant accelerometer. The input force
Fin,1 = 1

4mü is one quarter of the inertial force for the
proof mass m. The output force Fout is the axial force
applied to one of the excited beams measuring the axial
force Fout. C; Applied symmetry constraints.
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size of the design domain is L1 by L2. The spring stiff-
ness Kout substitutes the axial stiffness for one fork.
These forks are actuated at resonance and variations in
the natural frequency of the beam with applied axial
force serve as the output of the sensor. The axial force,
Fout = Koutuout, can be determined where uout is the
axial displacement of the fork. The spring stiffness Kin

is half the bending stiffness of the beams in the middle
of the resonator.

Assuming that the proof mass m has the vertical ac-
celeration ü the input force for one fork is Fin,1 = 1

4mü.
It is assumed that it is valid to use a quasi-static model
for the analysis and the input force is assumed to be
Fin,1 = 0.1 µN. The objective of the optimization is
to maximize the amplification A of the amplifier mecha-
nism. This corresponds to maximizing the ratio between
the output force Fout and the input force Fin,1, given as

max (A) = max
(

Fout

Fin,1

)
=

Kout

Fin,1
max (uout) (1)

where uout is the displacement of the fork. From (1)
it is observed that maximizing the displacement uout

corresponds to maximize amplification A.
Then the optimization for determining the mecha-

nism with maximum amplification A in a given design
domain is performed in the following way:
1) Topology optimization gives the topology of the am-
plifier mechanism in the design domain Ω with a size of
L1 by L2, see figure 1 B.
2) Shape and size optimization of the amplifier where
the topology is based upon the topology optimized de-
sign.
3) Inserting the shape and size optimized amplifiers into
the entire resonant accelerometer and validate the solu-
tions using [5].

2.1 Topology optimization, theory

The topology optimization formulation for (1) ap-
plied in the present work has been widely used in the
literature [3]. The formulation was originally suggested
by [6] and [7]. In the present finite element modelling ge-
ometrical nonlinearities are also included, see [8]. How-
ever, the examples presented in the literature use a ratio
between the input spring stiffness and the output spring
stiffness (Kout

Kin
) close to one or a few magnitudes higher

or lower. The real difference in this work is that the
ratio (Kout

Kin
) is 106 or higher.

2.2 Shape optimization, theory

The present section describes a combined shape and
size optimization using rectangular 2D-beam elements of
structures with given topologies. For varying the shape
of the beams, the positions of the nodal points are var-
ied. In the sizing optimization, the in-plane height h of
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Figure 2: The rotated design domain containing the
amplifier, see figure 1 B. The design domain is applied
to two different sets of supports at the input port. In
picture A one support at the input force is applied for
avoiding any vertical displacement. In picture B more
supports are added around the input force for avoiding
rotation around the input port as well.

each beam is a design variable. For the modelling of the
beams the finite element model in [9] is applied. This fi-
nite element model includes large rotations of the beam
elements.

3 Topology optimization

The design domains are sketched in figure 2. The
grey area denotes the design domain which is supported
at the right top corner and the left bottom corner. Two
set of supports are applied for the left bottom, support
set A and support set B as shown in figure 2. The size
of the design domain is L1 by L2 and the thickness is

L2 Original cantilever beam design

200
[µm] Awt = 30 Aot = 21

Supports figure 2 A Supports figure 2 B

100
[µm] Awt = 91 Aot = 27 Awt = 0 Aot = 93

200
[µm] Awt = 115 Aot = 6 Awt = −3 Aot = 98

300
[µm] Awt = 105 Aot = 10 Awt = 0 Aot = 95

400
[µm] Awt = 104 Aot = 0 Awt = 0 Aot = 45

Table 1: Topology optimized amplifiers using the design
domain in figure 2. The length L2 of the design domain
is varying from 100 µm to 400 µm. The number Awt and
Aot indicate that A in (1) is determined using support
set A and support set B in figure 2, respectively.
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2.25 µm. For all the numerical examples the length L1

is fixed at 500 µm whereas the length L2 is varied. The
amplifier is to be built in polysilicon with a nominal
Young’s modulus 160 GPa and the Poisson’s ratio 0.25.
An input force Fin,1 = 0.1 µN is applied 4 µm from
the left edge corner and the input spring (Kin = 0.035
N/m) is mounted at the point of application of the input
force Fin,1. The output spring (Kout = 3600 N/m) is
mounted 12 µm from the right corner. The volume of
material is restricted to be 30% of the design domain
to prevent parts of mechanisms to overlap during the
deformation.

Here, we examine the impact on the topologies of the
optimized amplifiers when the length L2 of the design
domain is changed and the set of supports around the
input spring is changed from the support set A shown
in figure 2 A to support set B shown in figure 2 B. In
table 1 the length L2 takes the values: 100 µm, 200 µm,
300 µm and 400 µm.

The reason for using two set of supports for the de-
sign domain in figure 2 is that it is not clear as to what
kind of supports should be applied when considering the
amplifier mechanism in isolation as opposed to the am-
plifier being integrated into the resonant accelerometer
(see figure 1). Later by simulating half the resonant
accelerometer structure in figure 1 C including the op-
timized amplifier mechanisms, we can determine a valid
set of supports.

Several notable features are apparent by comparing
the results of the optimization process (varying L2).
First, that the layouts of the optimized topologies are
extremely sensitive to how the supports around the in-
put port are simulated. Second, the response of the op-
timized structures are also extremely dependent upon
which set of supports have been applied in the analy-
sis. Third, that the highest amplification factor A is
obtained for a length L2 of 200 µm independent on the
set of supports applied in the optimization. Fourth, that
the optimized structures have higher amplification fac-
tors than the amplification factor of the original can-
tilever beam design. However, the optimized structures
contain the so called hinges, see [3].

4 Shape and size optimization

From table 1 the two structures designed having a
length L2 of 200 µm are chosen as the topologies for the
shape and size optimization. These two structures are
then converted into 2D beam element models, see figure
3. Manufacturing constraints are now included in the
optimization by setting the height of the beams to be
greater than 2 µm.

We now examine the variation in the shape and size
of the optimized amplifiers when the starting topologies
are changed. Furthermore, the impact of having dif-
ferent supports are also examined. We note significant
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Figure 3: Two optimized topologies in table 1 are con-
verted into two beam element models. These models are
applied for the shape and size optimization.

Any rotation is allowed Rotation of the input
of the input port port is set to zero

Topology in figure 3 a Topology in figure 3 a

Awt = 106 Aot = 6 Awt = 87 Aot = 91
Topology in figure 3 b Topology in figure 3 b

Awt = 47 Aot = 47 Awt = 10 Aot = 101
Table 2: Shape and size optimization of amplifiers using
the different initial topologies given in figure 3. The
number Awt and Aot indicate that there is no support
for rotation and there is support for rotation in the beam
model of the node where the input force Fin,1 is applied.

differences in amplification factor for the topologies sim-
ulated under the different support conditions.

5 The entire resonant accelerometer

In this section the optimized amplifier mechanisms
obtained using beam element modelling in section 4 are
converted into continuum models. Next, these opti-
mized amplifier models are inserted into the symmetric
resonant accelerometer shown in figure 1 C. The contin-
uum modelling is done by [5] where geometrical nonlin-
earities are included to verify that the amplification is
constant in the range of operation.

In table 3 the amplifications of the continuum struc-
tures are shown. Clearly, the results demonstrate that
the support set B in figure 2, where supports are added
to prevent the rotation around the input port leads to a
reasonable modelling. It is clear that the results for the
present optimization problem are extremely sensitive to
how the supports for the design domain at the input
port are modelled.
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A1) Cantilever beam A2) Cantilever beam

A = 9 A = 27
f1 = 9.8 kHz f1 = 5.8 kHz
f2 = 77.0 kHz f2 = 36.1 kHz

A) left table 2 c B) right table 2 c

A = 8 A = 79
f1 = 7.4 kHz f1 = 1.5 kHz
f2 = 68.0 kHz f2 = 12.1 kHz

C) left table 2 d D) right table 2 d

A = 37 A = 101
f1 = 3.9 kHz f1 = 1.4 kHz
f2 = 30.2 kHz f2 = 11.2 kHz

Table 3: Analysis of the continuum structures using 8-
node biquadratic elements.

f
1

Mode 1:      = 1.4 kHz Mode 2:      = 11.2 kHzf
2

Mode 3:      = 77.0 kHzf
3

Figure 4: The eigenmodes for structure D in table 3.

The cantilever amplifier (described in [1], structure
A1 and A2 of table 3) have an amplification of 9 and 27,
respectively which is lower than the optimized.

The eigenfrequencies of the subcomponents for the
resonant accelerometer should be higher than the sen-
sor bandwidth. A value of 15 kHz works for many ac-
celerometer applications. In the initial optimization this
constraint is not applied. Therefore, an eigenfrequency
analysis is performed to validate if this constraint is ful-
filled for the optimized structures. Figure 4 show the
eigenmodes for the three first eigenfrequencies of the
structure D in table 3. From these numerical observa-
tions it can be concluded that the structures optimized
using support set B in figure 2 almost fulfil the con-
straints on the eigenfrequencies even though they where
not included in the analyses for the optimization.

6 Further results

In the paper [10] more results are shown. The the-
oretical bound for the amplification A is determined.
Furthermore, it is shown that an increase in the stiff-
ness Kout will lead to an increase in the amplification.
The effect of adding more supports in design domain is
studied. However, adding more supports seem not to
improve the amplification.

7 Conclusion

A topology optimization based approach is used for
the design of micromachined force amplifiers for inertial
sensor applications. Technological constraints require
that the results of the topology optimization mecha-
nisms to be converted to beam element models and sub-
jected to a further size and shape optimization. The
dependence of geometrical and mechanical parameters
on the optimization are studied. Single-stage force am-
plification factors greater than 100 are obtained from
the results of the optimization process.

Amplifier mechanisms are currently being designed
in the polysilicon surface micromachining process of-
fered by Robert Bosch GmbH for experimental valida-
tion of the results described here.
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