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ABSTRACT 

In this work, the guideline of generating accurate

lateral viscous damping macromodels by the Krylov- 
subspace algorithm is described. A three-dimensional (3-D) 
finite-difference (FDM) Stokes flow solver for simulating 
lateral damping effects was developed. The system 
matrices generated by the solver was then reduced to 
low-order macromodels that can be easily inserted into a 
system-level modeling simulators, such as Saber, Simulink 
or SPICE for transient and frequency analysis. Based on 
physical and numerical constraints, the required orders of 
macromodels as well as the appropriate sizes of 
computational meshes are proposed. Finally, the 
experimental results for comb-drive devices show that the 
error of the results estimated by the macromodels are 
within 15%. 
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INTRODUCTION

Many MEMS devices such as accelerometers, 
gyroscopes, switches, micro-mirrors, and resonant sensors 
need fully understanding of lateral gas damping effects for 
accurate dynamic modeling. It is well known that 
modeling 3-D lateral viscous damping effects using FEM 
or FDM not only requires intensive solid-modeling work, 
but also require significant computational resources even 
for a steady incompressible-flow simulation. Therefore, 
earlier works on lateral viscous damping were based on 
the 1-D analytical Stokes and Couette flow solutions [1,2]. 
The 1-D analytical approaches can easily provide the 
first-order estimation of lateral damping effect, and require 
almost negligible computational resources so that they are 
intrinsically compatible with any system-level simulators.  
However, the 1-D approaches over-simplify the 
geometrical complexity of typical MEMS devices with 
lateral damping effects, and thus the error is very large in 
most cases. 

Recently, Aluru and Wang [3,4] developed 3-D 
Stokes solvers using boundary-element method (BEM), 
and demonstrated that the BEM approaches not only 
require much less computational cost than typical 
FEM/FDM approaches [5], but also significantly reduce 
the works on creating solid models. However, the 
solutions of the BEM approaches are in frequency domain, 
and hence are not completely compatible with transient 
analysis. In this work, we develop model-order-reduction 

(MOR) methodology [6,7,8,9] for generating accurate 
time-domain macromodels from 3-D FDM/FEM Stokes 
solvers, and explore the characteristics of the 
macromodels under various conditions. 

Figure 1 outlines the concept of the model-order- 
reduction procedure for lateral damping effects. The initial 
step of generating the macromodels is to generate 3D solid 
models. This step is very similar to the typical procedure 
of performing FEM//FDM fluidic simulation. However, 
we used the commercially-available MEMS modeling 
packages, such as Coventorware, IntelliSuite and 
MEMS-Pro, to generate the 3D solid model of the air film 
from 2-D mask layout, by considering the air-film 
surrounding the structures as the fictitious sacrificial layer.  
After creating the solid model of the air film surrounding a 
MEMS laterally-movable structure, the FEM/FDM 
techniques are used to discretize the solid model. Since the 
governing equation is in time domain, the discretization 
creates a system (set) of ordinary differential equations 
whose state variables are in fact the velocity distribution 
of the air film. Typically the system is so large that huge 
computational resources for time-domain integration are 
required. Without direct integration of the system, the 
Arnoldi algorithm is applied to reduce the system of 
differential equations into a low-order system, the 
so-called macromodel. The macromodel can be readily 
inserted into system-level simulators, such as Saber® or 
Simulink®, for transient and frequency-response analysis. 

FEM/FDM approximation 
of  lateral damping effects

System-level analysis with 
lateral damping macromodel

Macromodel generation 
using MOR techniques 

Device solid modeling with 
sacrificial layer surrounding 

the moving structure 

Air film discretization by 
meshing the sacrificial layer

Figure 1: Procedure of extracting lateral damping macro- 
model for MEMS devices 

In the following section, the theory of the fluidic 
damping effects and the application of the model- 
order-reduction technique are presented.  Based on 
physical and numerical constraints, the required orders of 
macromodels as well as the appropriate sizes of 
computational meshes are proposed. Finally, the measured 
and simulated results are demonstrated. 
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THEORY 

The governing equation of lateral viscous damping 
is the Stokes equation. The 3-D Stokes’ equation is:  

Vµp
Dt

VD 2          (1) 

where p is pressure, is the density of the gas,  is the 

viscosity coefficient, and 
T

wvuV  is the velocity 

vector. For our case, the imposed pressure gradient is 
assumed to be zero, so the first term on the right-hand side 
can be eliminated. Since the damping contributed by the 
surfaces, whose normal vectors are parallel to the direction 
of plate motion, is negligible under our assumptions of 

wvu , the velocity components perpendicular to the 
direction of the in-plane motion are ignored. As a result, 
the continuity equation is not considered [1], and Equation 
(1) can be simplified to: 
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where /  is the kinetic viscosity.  Based on this 

equation, a finite-difference solver is developed. 

Furthermore, the simplified governing equation, as 
shown in Equation (2), is a linear equation, so the system 
matrices generated by the FDM approximation process 
can be reduced by an Arnoldi-based model-order- 
reduction (MOR) technique. The dynamic system equation 
formulated by the FDM approximation of Equation (2) 
can be written as:  
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where A  is an n by n matrix and n is the total number of 
nodes, u  is the vector which contains the unknown 
velocity distribution on each node, and the input function 
vin is the imposed velocity on the moving boundary of the 
computational domain.  In this case, we carefully 
formulate C  and D , so that the output y  will be the 

frictional shear (calculated by Newtonian law of viscosity) 
on the plate. In Laplace domain, the transfer function of 
the system is: 
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After expanding the transfer function in Taylor series 
about s=0, we obtain: 
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where m k are the coefficients of the Taylor series, and are 
equal to bm kT

k AC .

The Taylor expansion can be truncated to 
approximate the transfer function sT .  Since bk

A

quickly line up with a single eigenvector, this moment 

matching procedure is usually numerically unstable. 
Therefore, we apply the Arnoldi-based algorithm to stably 
compute orthogonal bases vi that spans the Krylov 
subspace:
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Given the matrix 
qV  whose columns are iv ,

the Arnoldi algorithm reduces the system matrix A  to a 
small upper Hessenberg matrix 

qH whose entries are the 

Gramm-Schmidt orthogonalization coefficients: 
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Finally, the reduced transfer function can be written as: 
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Note that the reduced system transfer function, as shown 
in Equation (8), has the same input (vin) and output ( y ) as 

those in Equation (3).  Since the typical sizes of the 
system matrices are very small, the computational 
efficiency for simulating transient responses and 
frequency responses of the reduced models are 
significantly increased [7]. 

COMB-DRIVE DEVICE SIMULATION  

The picture of the simulated and measured 
comb-drive structure fabricated by MUMPs® process is 
shown in Figure 2.  A DC biase of up to 70 V and a 
sinusoidal driving voltage with amplitude (peak to peak) 
up to 20 V are used.  The lateral fluid damping effect 
surrounding the comb drive is simulated and then 
compared with the experimental results to verify the 
accuracy of the developed 3-D Stokes solver. 

Figure 2: The CCD picture of a comb-drive measured in 
this work 

I. Study on Discretization Convergence 

Figure 3 shows the schematic of velocity profiles 
induced by a laterally oscillating plate for different 
frequencies. Figure 3(a) shows that when the structure 
oscillates at relatively low frequency, the air film above 
the structure is assumed to be of Stokes-type, and the air 
film underneath the structure is assumed to be of 
Couette-type. As the oscillating frequency increases (as 
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shown in Figure 3(b)), the velocity profiles will extend 
only to a short distance from the structure surface (i,e. 
short penetration depth of the velocity profile).  In this 
case, even for small-amplitude motion, the air film will 
introduce a considerable amount of damping [1].  

z
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x

Stokes-type 

Couette-type 

substrate 

Boundary 
z

U = U0 sin(wt) 

x
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Stokes-type 
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Boundary 
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Figure 3: Velocity profiles induced by a laterally 
oscillating structure with (a). low frequency, (b). high 

frequency. 

Therefore, under higher oscillating frequency, finer 
discretization of the FDM calculation in z-direction is 
required because the spatial variance of the Stokes-flow’s 
velocity profiles is much higher than the counterpart of the 
Couette-type flow. Figure 4 shows that the required 
maximum discretization length in z-direction is about 0.2 

m for simulating converged shear force results at 
frequency below 1 MHz.  In other words, if the operating 
frequency is higher than 1 MHz, the discretization length 
has to be less than 0.2 m since the penetration depth of 
the velocity profile decreases. 
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Figure 4: The total shear force vs. oscillating frequency 

for a comb structure. The simulation accuracy for high 
frequency model (>1 MHz ) is strongly relative to the 

distance between the meshing nodes.

II. Required Extent of Fluidic Domain 

Figure 5 shows the relationship between the upper 
air film thickness and the simulated shear force of the 
device.  When oscillating at a frequency higher than 
1MHz, the shear forces calculated by the FDM/FEM 
models with different upper air-film thickness are the 
same.  However, as the frequency decreases, the model 
with thin computational domain overestimates the 
damping, since the assumption of zero-velocity boundary 

on the top of the air film is no longer valid.  This figure 
also indicates that the minimum air-film thickness is about 
10 m for a frequency as low as 10 kHz.   
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Figure 5: Shear force versus oscillating frequency for 
different air film thickness above the moving structure.

The shear forces contributed by different parts of 
the air film are shown in Figure 6. The damping 
contributed by the underneath film increases as the 
oscillating frequency increases, and finally becomes 
comparable to the damping contributed by the top film 
when the frequency is higher than 500 kHz.   

Figure 7 is the frequency response of the system 
damping shear force for different order macromodels, and 
indicates that the macromodels with orders greater than 15 
are required for the converged results under a wide range 
of operating frequencies (from 10 kHz to 10 GHz).   
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Figure 6: The contribution of the shear force ratios by the air 
film above the structure, under the structure and between the 

comb fingers.
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Figure 7: Shear force versus frequency for the 

macromodels with different orders. 
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SYSTEM-LEVEL SIMULATION 

COMPARED WITH MEASUREMENT  

The macromodels generated by the Arnoldi-based 
MOR algorithm can be readily inserted into system-level 
simulators, such as Saber® or Simulink®, for transient 
and frequency-response analysis. Figure 8 presents the 
experimental results of the comb drive device with folded 
beam length of 228 m as well as the system simulation 
results of the 20th order damping macromodel.  The 
macromodel underestimates the damping by about 10% in 
this case, and we speculate the major source of this error 
comes from the fact that the macromodel neglects the 
pressure back force on the tip-ends of the comb figures.  
Figure 8 shows the simulated and measured comb-drives 
quality factors vs. different folded-beam lengths. The 
results by the 1-D Stokes/Couette analytical models are 
also presented in the Figure.  The 1-D analytical model 
over-predicts the quality factors by 30~40%, while the 
discrepancy between the measured results and the 
macromodels is within 15%. 
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Figure 8: Frequency response of the 20 order   

macromodel of the comb drive device with 228 m folded 

beam compared with the experimental data. 
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CONCLUTION 

This paper presented a 3-D FDM Stokes’ solver, 
and a macro-model generation methodology for lateral 
damping effects based on the application of Arnoldi-based 

model-reduction technique. The theory of the Arnoldi- 
based model-order-reduction is described.  The studies 
on the FEM/FDM mesh convergence and the appropriate 
size of computational domain were also discussed. The 
macromodels generated by the technique were 
successfully inserted into the Simulink for system level 
analysis, and the results were also compared with the 
experimental data. The discrepancy of the simulated and 
measured quality factors are within 15%. 
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