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In this paper, the dynamics of a dual-axis MEMS gyro-
scope are examined. The model for the device is based on a
non-linear rod theory developed by A. E. Green, P. M.
Naghdi and several co-workers. A preliminary analysis of
the model, which presumes certain symmetries and small
deformations, is used to examine three particular modes of
operation of the device. These modes are the sensor’s drive
mode, tilt mode, and bounce mode. Such an analysis is a
necessary precursor to the more difficult task of analyzing
the effects of design imperfections on the dynamics of this
device. :

Keywords: Gyroscope, rate semsor, beam vibration.
Introduction

MEMS gyroscope designs are typically based on
vibrations of a proof mass suspended on elastic tethers
since bearings on the microscale are not yet feasible for this
application. The design shown in Figare 1 possesses an
inherent symmetry which provides two input axes [1].
Unlike single input axis gyroscopes, the motion of the teth-
ers is three-dimensional. Under open-loop operating condi-
tions, each tether, in the general case, will undergo flexural,
extensional, and torsional deformations. Coupling between
these modes of deformation and between modes of vibra-
tion of the rotor are to be expected. A similar device
reported by Juneau er al. exhibited significant cross-axis
sensitivity during open-loop resonant operation, which was
attributed to elastic coupling [2). The work of Juneau et o/,
and similar work by Ljnng and Pisano [3] included inertial
coupling, but assumed independent and uncoupled tethers,
thereby ignoring elastic coupling.

One approach to avoiding the high levels reported for
Cross-axis sensitivity is to redesign the tethers so that the
gyroscope has only one sense axis. However, such an
approach would require two different proof masses in grder
to obtain two axes of sensitivity. Given that the cost of
MEMS inertial instruments is approximately proportional
to the surface area of the die on which it fits, there are
strong economic reasons for research that can provide mul-
tiple sense axes from one proof mass. Thus, this work
describes the detailed modeling of tether-based gyroscope
suspensions in the hope of making these more compact
designs more useful. ‘

In this paper, after reviewing certain aspects of the rod
theory developed by Green, Naghdi and their co-workers, a

(nontinear) mechanical model for the dual-axis gyroscope
is developed. This model can be used to examine all fea-
tures of the dynamics. We then specialize this model 1o a
particular device, and examine three important modes.
These modes are examined independently, however, in gen-
eral they will be coupled.

In the interests of brevity, our discussion here is some-
what terse. Additional details and references can be found
in our forthcoming work [4].

Rod Theory of Green and Naghdi

The rod theory of Green and Naghdi is summarized in
Naghdi [5]. It is a nonlinear theory, which is suited to
numerous gpplications. We recall from his review that the
rod is modeled by a material curve, and at each point of this
curve a set of deformable vectors, known as directors, are
attached. Here, we assume that the rod theory is one where
there are two directors d; and d,. The directors and the
position vector r of points on the material curve are vector
valued fimctions of x4 and t, where x, is a convected coor-
dinate and t is time. The values of these fimctions in a fixed
reference configuration are Dy(x3), Do(x;) and Rix;)
respectively.

The motion of the directed curve is governed by a set
of balance laws. These laws are balance of mass, linear
momentum, moment of momentuym and director momenta.
In the interests of brevity, we refer the reader to Naghdi [5]
for a discussion of these matters. In addition, the balance
laws are supplemented by constitutive relations. The rela-
tons for the linearized theory used in this paper are summa-
rized in O’Reilly [6].

A Model of a MEMS Gyroscope

We turm our attention now to a micromachined angular
rate sensor, or gyroscope, shown in Figure 1. In what fol-
lows, we take subscripts on the Ieft to identify tethers. The
sunmation convention will be used on all other indices.
Greek indices will be undersiood to range from 1 to 2,
while Latin indices will range from 1 to 3, with the excep-
tion of Latin subscripts on the left which range from 1 to 4.
Boldface type is used to indicate vectorial or tenmsorial
gquantities. The centroid of a surface defining the interface
of the rotor and a tether is referred to as a “point of attach-
ment.”

The rotor is assumed to be a rigid body, so that the
position of any material point associated with the rotorin a
present configuration is given by
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